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Abstract. The transient analytical solutions of temperature distribution, stress, strain and optical
path difference in convectional cooled end-pumped laser rod are derived. The results are compared
with other works and good agreements are found. The effects of increasing the edge cooling and
face cooling are studied. It is found that an increase in the edge cooling has significant effect on
reducing the maximum temperature that can be reached in the laser rod but it has no effect on the
value of optical path difference. It is also found that increasing this type of cooling significantly
reduces the time required to reach the thermal equilibrium with a slight increase in the max. tensile
hoop stress that can be reached as the cooling increases. On the other hand, increase in face cooling
reduces the response time, optical path difference and the maximum temperature that can be reached
in the laser rod but a significant increase in the max. tensile hoop stress is observed. A matching
between the advantages of these two type of cooling may be useful for a designer.

Keywords. Analytical solution; heat transfer; laser rod; convectional cooling; thermal stress; optical
path difference.
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1. Introduction

Limitation on power scalability from an end-pumped system is its major drawback. End-
pumped solid-state lasers are attractive because of their high efficiency and good beam
quality [1]. The factor that limits the increase in the output power from solid-state laser
system is the heat that can be generated by the process of laser generation. Excessive
heat may cause thermal stress and thermal lens which may degrade the laser output,
degrade the beam quality and at excessive thermal stress, it may lead to medium break
[1–4]. One of the most obvious phenomena indicating the excessive heat generation is
the strong thermal lensing. The three factors that contribute to this phenomenon in a
pumped laser medium are: (1) the change of refractive index which is occurred due to
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the gradient in the temperature distribution, (2) the thermal stress effect on the refractive
index, (3) the change of the path of light due to thermal expansion [5]. In most cases, the
last factor mentioned above is insignificant and can be ignored. So the gradient of temper-
ature in a laser rod causes a thermal distortion of the laser beam due to the temperature-
and stress-dependent variation of the refractive index which can be physically presented
as optical path difference.

Due to its relative ease, clear physical meaning and compactness, analytical solution is
still preferable wherever possible. Many works are devoted to such problems. Bernhardi
et al [6] studied an analytical solution of transient one-dimensional temperature distri-
bution and stress profile in longitudinally pumped laser rod. Tian et al [7] presented a
transient one-dimensional analytical model of thermal effect in CW end-pumped laser
rod. Peng Shi et al [5] derived sem-analytical thermal analysis of thermal focal length in
laser rod using the method of separation of variable for solving multi-dimensional heat
equation. Feng Huang et al [8] solved analytically the temperature and stress distribu-
tion in an end-pumped heat capacity disk laser. Shibib [3,9] derived a transient analytical
solution of temperature and Tresca failure stress in CW end-pumped laser rod where
a minimization in thermal response and stress was predicted. All the previously men-
tioned works assumed insulated rod facets. In this work the transient axis symmetry heat
equation that model the convectionally cooled end-pumped laser rod has been solved ana-
lytically using integral transform method and an expression for optical path difference
(OPD) has been derived. The resulting analytical solution then applied to an Nd:YAG
laser rod and was compared with numerical solutions, good agreements were observed
then the induced hoop stress due to temperature gradients was obtained also the effect of
convection heat transfer coefficient on hoop stress and the optical path difference were
also predicted. To the best of our knowledge, this is the first time that the analytical
solution of transient temperature distribution through laser rod that convectional cooled
through its facets and edge was derived.

2. Theory

The solution of heat equation in laser rod permits the prediction of temperature distribu-
tion which is the first step in determining thermal effects in the laser rod. The transient
temperature distribution through the laser rod can be determined by solving the axis
symmetry heat equation [10]:
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where ρ, c, k, T are respectively the density in kg/m3, specific heat in J/kg·K, thermal
conductivity in W/m·K, and temperature in K, r and z are the radial and longitudinal
coordinates in m and Q is the heat generation in W/m3. The boundary conditions are (see
figure 1):
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Figure 1. Laser rod and its boundary conditions.
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Convection boundary conditions are assumed at the facets of the rod where ha represents
the convection heat transfer coefficient of the naturally cooled facets in W/m2·K, he is the
edge convection heat transfer coefficient in W/m2·K, l is the length of the rod = 20 mm,
r0 is the outside rod radius = 4.76 mm. The initial and environmental temperatures (T∞)

are equal to 25◦C.
A practical edge cooling is accomplished by mounting the rod in copper heat sink. Heat

conductivity was provided by an indium layer between copper and the crystal. The mass
flow rate of cooling water was adjusted to provide the required heat transfer coefficient.
To increase the face cooling, other than natural cooling, the edge mounted rod is designed
to allow direct water cooling of the facets.

Neodymium concentration by atom percent in YAG is limited to 1.0–1.5% and higher
doping levels tend to shorten the fluorescent lifetime, increasing absorption coefficient
which increases temperatures and its gradient assumes high temperature gradient which
causes high stress and strain in the crystal, resulting in poor optical quality [4]. Generally,
high doping concentration (∼1.2%) is desirable for Q-switch operation because this will
lead to high energy storage. For continuous wave operation, a low doping concentration
(0.6–0.8%) is usually chosen to obtain good beam quality [4].

The part of the absorbed power that is converted to heat acts as a source of heat genera-
tion inside a laser rod. For pumping that has a Gaussian beam distribution, heat generation
inside the laser rod can be written as [11]

Q =
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where α is the absorption coefficient (m−1), H f is the heat factor and Pab is the part of
the pumping power that is absorbed in the laser rod (W). Mathematically, to include all
the pumping power in a beam that has a Gaussian profile, the radius of pumping is taken
to be twice bigger than the waist radius (i.e. r1 = 2wp). The standard solution for eq. (1)
can be written as [12]
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Also

R0(βm, r) = J0(βmr), (3b)

where J0 is the Bessel function, βm , ηp are the subsequent roots of equations which will
be discussed later (i.e. eqs (3d) and (3g)) and the Norm is
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By using convection boundary condition, the roots can be obtained from [12]:

he J0 (βmr0) − kβm J1(βmr0) = 0, (3d)

where J0, J1 are Bessel functions. Newton–Raphson method was used to obtain suc-
cessive values of the roots (i.e. βm where m varies from 1 to infinity). For convection
boundary conditions at the facets of the rod, assuming equal convection heat transfer
coefficients at both ends of the rod, the value of Z (ηp, z) in eq. (3) can be written as

Z
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)

. (3e)

Here as suggested by ref. [13], H is equal to ha
/

k, where ha is the convection heat
transfer coefficient from rod facets and for naturally cooled facets, ha is equal to
27.5 W/m2·K [13].
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where the Newton–Raphson method is used to obtain successive values of the roots.
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The main equation of the solution can be written as:
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∞

∑

m=1

∞
∑

p=1

J0(βmr)(ηp cos(ηpz) + H sin(ηpz))

Nm Np

× exp

(

− k

ρc

(

β2
m + η2

p

)

t

)

×
[

1

ρc

∫ τ

τ=0
exp

(
k

ρc

(

β2
m + η2

p

)

τ

)

g(t)dτ

]

. (4)

For Gaussian beam distribution, the function of eq. (3) can be written as
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An old treatise of Bessel function suggested that if the limit of integration is from zero to
infinity, then the following integration could be solved [14]:
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It is to be noted that the magnitude of integration is the same when the upper limits of
integration is 2wp or greater up to infinity since in this range no change in the absorbed
power will be seen. This is due to the fact that the first term on the left-hand side of eq.
(6) will vanish as it increases toward 2wp and beyond. This is also confirmed by carrying
the integration numerically.

The integration in z coordinate can be solved directly as
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Combining the results of integrations into eq. (5), the function of eq. (3a) can be written
as
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Assuming CW mode then at a time less than or equal to the time necessary to reach the
steady-state operation condition, the transform of time (τ ) is equal to t in eq. (4). Incorpo-
rating these values in the main solution (i.e. eq. (4)), carrying the time integration then:
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This equation represents the transient temperature distribution through a laser rod that
is convection cooled from the edge and its facets and it is assumed that it is valid as long as
the time is less than or equal to the time necessary to reach thermal equilibrium. Twenty
roots are sufficient to predict the precise value of temperature. Transient solution can also
be obtained starting from the rest and the time necessary to reach steady-state operation
condition can be obtained. For the solution above, the temperature history in the laser rod
can be obtained until the steady-state condition is reached.

As the laser rod is heated because of the part of the absorbed power that is converted to
heat, there will be a temperature increase in it which will induce thermal stresses. Since
the laser rod is symmetric, the thermal stress distribution can be obtained depending on
heat flexibility theory, stress balance equation, geometry equation and generalized Hooke
equation of stress distortion [15].
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where σrr , σθθ , σzz represent the thermal stress (MPa) along the radius, the annulus and
the z direction, γ represents the coefficient of thermal expansion (1/K) and E is the
Young’s modulus (MPa). The rod is assumed to be stress-free and not constrained
by external forces and the strains of the crystal are related by the generalized Hooke’s
laws [16]
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where εrr , εθθ , εzz represent the thermal strain along the radius, the annulus and the z
directions and ν represents the Poisson’s ratio. Here a laser rod pumped by a Gaussian
beam profile is convectional cooled. The face and the edge convection heat transfer coef-
ficients are varied to obtain their effect on temperature, stress, strain and subsequently
OPD. The time required to reach thermal equilibrium was also obtained in each case.
Admitted to represent failure stress, hoop stress is obtained so that the rod may not reach
failure stress meanwhile minimum OPD can be achieved. Assume the un-pumped face
is coated to be highly reflective, i.e. being used as a mirror. If the contribution from the
thermal stress-induced birefringence is neglected, which is small for most cases [5], then
for a paraxial coherent beam propagating in the z direction over an infinitesimal distance
dz, the OPD for one round-trip is given by [17]

OPD(r) = 2
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l
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)

. (16)

It has been found that the first term of eq. (15) (i.e. (1/E)[σzz − ν(σrr + σθθ )]) is very
small and can be neglected. This is also confirmed by the usual high value of E , so the
z-component of strain (εzz can be written as γ θ ), then the OPD equation can be written as

OPD(r) = 2
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) ∫
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The limiting stress that must not exceed is the failure stress which is admitted in many
references to be the maximum tensile hoop stress that can occur in the medium. Then the
transient hoop stress can be written as
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where

B = J1(βmr0)

βmr0
+ 0.5 [J2(βmr) − J0(βmr)]

and J0, J1, J2 are Bessel functions

3. Result and discussion

Before trusting the suggested analytical solution, the result obtained from this work was
compared with a numerical solution. Many numerical works studied the influence of
facets convectional heat transfer on beam distortion, but till now, no analytical solution
studied the transient thermal effect on laser rod that is cooled from its facets and edge.
Here an analytical solution of transient temperature distribution through the convectional
end-pumped laser rod was derived using integral transform method. The steady-state tem-
perature distribution through the rod was also obtained. By comparing the result obtained
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from this work for the same laser rod and boundary conditions and that obtained from
the numerical solution of ref. [17], an acceptable result was obtained where a maximum
difference of 3.5% was observed, assume the thermal and optical properties of this type
of crystal are taken from ref. [17] and that the Gaussian beam waist is equal to 430 μm.

Having solved the temperature distribution in the laser rod using convectional boundary
condition, all other possible boundary conditions on the laser rod can easily be simu-
lated. For example, insulated facets laser rod can be simulated by reducing convection
heat transfer coefficient much beyond the convection heat transfer of the naturally cooled
facets which is assumed to be equal to 27.5 W/m2·K. Another example is the possibility
of changing the value of edge convection heat transfer coefficient that cooled the laser rod
where a zero boundary condition between the lateral side of the laser rod and the cooling
fluid can be simulated by increasing the convection heat transfer to 75 kW/m2·K [17] and
beyond where almost zero temperature difference can be achieved. Equation (9) repre-
sents the transient temperature distribution through a laser rod that is convectional cooled
from the edge and its facets. For the solution above, the temperature history in the laser
rod can be obtained until the steady-state condition was reached. The face temperature
history at the centre of the pumped face is shown in figure 2. It shows that the higher
the facet cooling (i.e. high edge convection heat transfer coefficient), the lesser the tem-
perature that can be reached in the laser rod and the lesser the time required to reach the
thermal equilibrium. This is due to the high rate of heat transfer out of the rod leading to
the reduction of the overall temperature distribution as the face cooling is increased.
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Figure 2. The variation of transient temperature with face-cooled facets. Solid line is
for ha = 27.5 W/m2·K, small dashed line is for ha = 2700 W/m2·K and long dashed
line is for ha = 75000 W/m2·K. The edge-cooled heat transfer coefficient is kept at
75000 W/m2·K.
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Figure 3. Temperature distribution (θ) in the laser rod, assume ha=27.5 W/m2·K,
hc=75000 W/m2·K, that left-pumped by Gaussian beam having a waist radius of
430 μm at the centre of the rod. Assume that the z, r coordinates are in metre and the
max. temperature difference is 25◦C.
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Figure 4. The variation of the longitudinal temperature at the rod axis with face-
cooled heat transfer coefficient. Solid line is for ha = 27.5 W/m2·K, small dashed
line is for ha = 2700 W/m2·K and long dashed line is for ha = 75000 W/m2·K. The
edge-cooled heat transfer coefficient is kept at 75000 W/m2·K.
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Figure 3 is a graph showing the temperature difference contour through the laser rod
where a contour number and what is represented in ◦C are shown at steady-state condition
which is very similar in magnitudes and locations to that given in ref. [13]. The r and
z coordinates are not drawn to scale so as to indicate the temperature distribution more
clearly. Figure 4 shows the longitudinal variation of temperature through the axis of
the rod where the edge cooling heat transfer coefficient is kept at 75000 W/m2·K. The
solid line is for face cooling where heat transfer coefficient is 27.5 W/m2·K and as this
coefficient increases, the face temperature decreases due to the increase in the rate of heat
transfer through the rod face. The small dashed line indicates the temperature distribution
through the laser axis for face cooling where the heat transfer coefficient is increased to
2700 W/m2·K. The maximum temperature seems to occur deep within the rod because
of the high transfer rate of heat outside the rod face. This phenomenon is more clearly
seen as the convection heat transfer coefficient increases as shown by the large dashed
line that shows the temperature distribution in the rod that has an edge convection heat
transfer of 75000 W/m2·K where the maximum temperature through the rod occurred in
more in-depth distance in the rod axis due to the increase in the facially extracted heat.

Figure 5 shows the history of OPDc−e (optical path difference between the centre and
the edge) with the increase in face cooling. It shows that the higher the facet cooling (i.e.
high facet convection heat transfer coefficient), the less is the OPD that can be reached
through the laser rod and the less is the time required for the rod to reach its thermal
equilibrium. Again, this is due to the high rate of heat transfer out of the rod where a high
temperature cannot be established.

0 2 4 6
Time (s)

8E-007

1.2E-006

1.6E-006

2E-006

2.4E-006

O
P

D
C

-E
 (

m
ic

ro
. m

)

Figure 5. The variation of transient OPD with face-cooled heat transfer coefficient.
Solid line is for ha = 27.5 W/m2·K, small dashed line is for ha = 2700 W/m2·K and
long dashed line is for ha = 75000 W/m2·K. The edge-cooled heat transfer coefficient
is kept at 75000 W/m2·K.
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Figure 6. The variation of the longitudinal temperature at the rod axis and edge with
edge-cooled heat transfer coefficient. Solid line is for he = 500 W/m2·K, small dashed
line is for he = 2700 W/m2·K and long dashed line is for he = 75000 W/m2·K. The
face-cooled convection heat transfer coefficient is kept at 27.5 W/m2·K.
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Figure 7. The variation of transient OPDc−e with edge heat transfer coefficient. Solid
line is for h = 75000 W/m2·K, small dashed line is for h = 2700 W/m2·K and long
dashed line is for h = 500 W/m2·K. The face-cooled heat transfer coefficient is kept
at 27.5 W/m2·K.
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Table 1. The effects of varying edge and face cooling of laser rod on temperature,
OPD, maximum hoop stress and response time that obtained analytically. ( ) indicates
the result as obtained by [13], single asterisk indicates the result obtained by finite
element method of this work, double asterisk indicates the result verified by the finite
element solution of this work.

Max temp. OPDc−e Max hoop Response
ha (W/m2·K) he (W/m2·K) (◦C) (μm) stress (Mpa) time (s)

27.5 75000 24.6** (26) 2.21** (2.2) 9.25** (11) 5.6
2700 75000 20.7* 2* 12.5* 4.8
75000 75000 13.5** (13) 1.3** (1.1) 21.6** (22) 3.8
27.5 2700 26.5 2.21 8.05 20
27.5 500 32 2.21 7.23 80

Figure 6 shows the axial temperature distribution through the axis and the edge of
the laser rod for different values of edge cooling convection heat transfer coefficient. It
shows that as the convection heat transfer decreases, the temperature distribution increases
because of the reduction in the lateral heat transfer out of the rod. The differences between
the edge and the centre temperatures are kept approximately constant as the edge-cooled
heat transfer coefficient changed which can be explained since an increase in the rod
axis temperatures will be combined by an increase in the edge temperature which yields
approximately constant difference between them. This prediction leads to an important
conclusion where eq. (17) predicts that the OPD depends mainly on the temperature
difference between the edge and the centre temperature and since these values are not
changed while changing edge-cooled heat transfer coefficient then one can conclude that
OPD is independent of edge cooling coefficients. This conclusion is confirmed by the
result obtained from this work which is shown in figure 7. It shows that the increase in the
edge cooling convection heat transfer coefficient has insignificant effect on the OPDc−e,
but it significantly reduces the time of thermal response. Then one can say that the edge
cooling is not important unless another factor appears. It is the failure stress which must
not exceed so as to ensure a safe operation condition.

Using constant convection heat transfer coefficient of the naturally cooled facets which
is found to be equal to 27.5 W/m2·K and varying the edge cooling convection heat transfer
coefficient from 500 to 75000 W/m2·K, as shown in table 1, the history of the maximum
temperature that can occur through the laser rod (i.e. at the end centre of the pumped
facet) is illustrated. It shows that the maximum temperature distribution increases as the
edge cooling decreases. The response time also is increased. This is due to the decrease
in the rate of heat transfer out of the rod edge as the heat transfer coefficient decreased. A
summary of the results are given in table 1.

Since neither plain stress (σ zz = 0) nor plain strain (εzz = 0) approximations are valid
for very high face-cooled laser which are also assumed a constant load (thermal load)
throughout the rod [18] which is not the case for high face-cooled laser rod then the finite
element method was used to predict the maximum hoop stress that can occur in the laser
rod. The reader is referred to [2] for the theory and method of modulation in using finite
element method for the laser rod to simulate the case where its results were also verified
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by the results of ref. [17]. The result of using finite element method for this work was
indicated by asterisks in table 1, which shows good agreement with the results given in
ref. [17] and the analytical solution derived in this work.

4. Conclusion

The transient analytical solution of thermal effect in convectional cooled end-pumped
laser rod was derived. The results were compared with numerical solutions and good
agreements were found. The effects of changing the values of edge and face cooling
were studied. It is found that increase in the edge cooling results in the reduction of the
maximum temperature that can be reached in the laser rod. The increase in this type of
cooling also reduces significantly the time required to reach thermal equilibrium and it
has no effect on the value of optical path difference. But there is a slight increase in
the max. tensile hoop stress that can be reached as edge cooling increases. It was also
found that increase in face cooling reduces the response time, optical path difference and
the maximum temperature that can be reached in the laser rod. This type of cooling was
found to significantly increase the max. tensile hoop stress that can be reached in the laser
rod. A matching between the advantages of these two types of cooling may be useful for a
designer to design a system that has the possibility of working near failure hoop stress that
ensure high possible output power with minimum OPD and has a small response time.
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