Perpendicular (Orthogonal) Vectors

DEFINITION Vectors u and v are orthogonal (or perpendicular) if and only
ifu-v=0.

EXAMPLE 4  To determine if two vectors are orthooonal, calculate their dot product.

(@) w= {3, -2)andv = {4, &) are orthogonal because u-v = (3){4) + (—2)(6) = 0.

M) u=3—-2]+k and v =2 + 4k are orthogonal because w-v = (3)0) +
(—2H2) + (1H4) = 0.

(c) 0 is orthogonal to every vector u since

O0-u = (0.0, 0) - {2, w2, uz)
(0)(z1) + (OMzz2) + (ONus3)
=)

Dot Product Properties and Vector Projections

The dot product obeys many of the laws that hold for ordinary products of real numbers
(scalars).

Properties of the Dot Product
[f u, v, and w are any vectors and ¢ is a scalar, then

lLLu'v=v-u 2 (cu)v =u-{cv) = clu-v)
Luviwl=u-v+uw 4 u-u= |u?
S 0-u=0.




The vector projection of w onto v is the vector

)'.r_ (1)

The scalar component of u in the direction of v is the scalar

R LR
projyu = ( |3

[¥

_uwv_ Y
|u| cos8 = ] u G {2)

Mote that both the vector projection of u onto v and the scalar component of u onto v de-
pend only on the direction of the vector v and not its length (becanse we dot u with v/ ¥,
which is the direction of v).

EXAMPLE 5  Find the vector projection of u = 6 + 3j + 2kontov =1 — 2j — 2k
and the scalar component of u in the direction of v.

Solution  We find projy u from Equation (1):

gy, _6-6—-4,4 o
Proj, U = 3o ¥ = 70— 2 2K)

4 4 g B
=—E[I—2]—2k:l=—al+§j+§k.

We find the scalar component of u in the direction of v from Equation (2):

v o_ Y2, 2
u'm—{ﬁi+]]+2|ﬂ (31 3j Ik)

|u| cos 8
]

Equations (1) and (2) also apply to two-dimensional vectors. We demonstrate this in the
next example.



Dot Product and Projections
In Exercises 1-8, find
a veu, |v|, luf
b. the cosine of the angle between v and u
¢. the scalar component of o in the direction of ¥

d. the vector projy u.

Lv=2i—4j+ 5k w=-2i+4 -k
Lov=(35)+ 45k u=5i+ 12
Lov=10i+11j—2k uw=3j+4k
4v=2i+10j— 11k w=2i+2+k
S.v=5—-1k u=i+j+k
6v=—i+] m=V2+ I+ %
Tw=5i+j n=2+ 17
!'L'n=< I_.L_"}. u=':'ll :_.—;_\}
3 ARTIRYEY,

Angle Betwesn Vectors
ﬂ Find the angles between the vectors in Exercises 9-12 o the nearest
hundredth of a radian.
Lu=2+j v=i+23—-k
I w=2i—2j+k v=23i+4k

1L.u=%3i—7), v=%VW3i+j—2k

1Luw=i+"vV3—-VIkK v=—-i+j+k

13. Triangle Find the measures of the angles of the trangle whose
verticesare 4 = (— 1,00, 8B =2, 1),and C = (1, —2).

14. Rectangle Find the measures of the angles between the diapo-
nals of the rectangle whose vertices are 4 = (1, 0), B = (0, 3],
C=(34),and D= (4.1).

15. Direction angles and direction cosines The direclion angles
i, §. and ¥ of a vector v = ai + bj + ck are defined as follows:
e is the angle between v and the positive x-axis (0 = o = 7)

B is the angle between v and the positive y-axis (0 = § = o)

¥ is the angle between v and the positive z-axis (0 = y = 7).

The Cross Product

In studying lines in the plane, when we needed to describe how a line was tilting, we used the
notions of slope and angle of inclination. In space, we want a way to describe how a plane is
tilting. We accomplish this by multiplying two vectors in the plane together to get a third vector
perpendicular to the plane. The direction of this third vector tells us the “inclination” of the
plane. The product we use to multiply the vectors together is the vectoror cross product, the
.second of the two vector multiplication methods. We study the cross product in this section

The Cross Product of Two Vectors in Space

We start with two nonzero vectors u and v in space. If u and v are not parallel, they determine
. a plane. We select a unit vector n perpendicular to the plane by the right-hand rule
This means that we choose n to be the unit (normal) vector that points the way your right
). Then12.27 thumb points when your fingers curl through the angle from u to v (Figure
.the cross product u * v (“u cross v”) is the vector defined as follows



DEFINITION

uxv=1{|u||v|sind)n

Parallel Vectors

MNonzero vectors u and v are parallel if and only ifu =< v = 0.

The cross product obeys the following laws.

Properties of the Cross Product
If u, v, and w are any vectors and r, s are scalars, then

1. (ru) = (=¥) = (re){u =% ¥) Luxiviwl=uxy+uxw
LveEun=—luxv) . v+wlxu=vEu+wxu
S 0xu=0 6.0 X (v W = (u-wiv — (m-viw
The construction of
¥
-n o
FIGURE The construction of

AR

k=ixj=—(jxi
ixj=—-(=xil=k

Jxk=—(kxj) =i

k=i

X
i=jxk--Gx) ixi=jxj=kxk=0

rﬁjnr
|
N\

(=K =] Diagram for recalling
these products




|u = v| Is the Area of a Parallelogram
Because n is a unit vector, the magnitude of u % v is

|u = ¥| = |u||v¥| |sin@||n| = |u||v¥| sind.

This is the area of the parallelogram determined by u and ¥ (Figure 12.30), |u| being the
base of the parallelogram and |v||sin#| the height.

Area = base - height
— [u] - vilsin 8]
\ = juxv|

|
|
|
{h = vllsinf
|
|

Calculating the Cross Product as a Determinant
Ifu=uwmi+ wu;j + izkandy = wi + vzj + vk, then
i j k
uxy=|u ur uzl.
viowmoow

EXAMPLE1 Findu x vandv ¥ wifu =21+ j+ kandv = -4 + 3j + k

Solution
X y= Ei : IIL—|] 1I ‘2 1.|+ 2 Ik
- I | = -4 3
-4 3 1
= —2i — & + 10k
viEu=—{uxv)=2+6 — 10k [ ]

EXAMPLE 2  Find a vector perpendicular to the plane of P(1, —1, 0), (N2, 1, —1), and
Ri(—1,1, Z) (Figure 12.31.

Solution  The vector ITQ % PRis perpendicular to the plane becausa it is perpendicular
to both vectors. In terms of components,

PO=02-Di+(+1)j+(-1 —0k=1i+2—k

PR=(—1—-1i+(1+1)j+(2—0k=-2+2+2k
i j Kk
. | 1 -1 12
POxPR=|1 2 —-1f= ‘I—‘ j+ ‘k
2 2 -2 32 -2 2
-2 2 2

= 6 + 6k, [ ]



Triple Scalar or Box Product

The product (u x v)-w is called the triple scalar product of u, v, and w (in that order).
As you can see from the formula

[(ux v)-w| = |u x v||w||cos8]

the absolute value of this product is the volume of the parallelepiped (parallelogram-sided
box) determined by u, v, and w (Figure 12.34). The number |u X v| is the area of the base

Height ~ || lcos 6|9 -

A Chuxy

Volume - area of base - height
= |u 3 ¥] [w] [cos ¢

- | v)ow|

EXAMPLE 3  Find the area of the triangle with vertices (1, —1,0), (2,1, —1), and
R(—1, 1, 2) (Figure 1231).

Solution  The area of the parallelogram determined by P, Q. and R is

|Fé X Fk| = |61 + 6k| Values from Example 2
= V6P + (6 = V236 = 6\2.
The triangles area is halfofﬂnis.orS\"E. <]

EXAMPLE 4  Find a unit vector perpendicular to the plane of (1, —1,0), (2.1, —1),
and R(—1,1,2).

Solution  Since F@ % PR is perpendicular to the plane, its direction n is a unit vector

perpendicular to the plane. Taking values from Examples 2 and 3, we have

PO x PR

P i BRLE X A Y a
1PO X PRI 6\V2 V2 V2

Calculating the Triple Scalar Product as a Determinant
uy uy  uy
(uxXv)w=|wn w w
Wi w2 w3

EXAMPLE 6  Find the volume of the box (parallelepiped) determinedby u = i + 2j — k.
v=-2+3kandw = 7] — 4k.

Selution  Using the rule for calculating determinants, we find

1
(uXv)w=|-2
0

-1
3| = -23.
—4

-~ D N

The volume is [(u X v)-w| = 23 units cubed. u



Cross Product Calculations
In Exercises 1-8, find the length and direction (when defined) of
o xXvandv X w

Lu=2i-2—k v=i—k
22u=2i+3j v=—-i+]j
Ju=2—-2j+4k v=-i+j—2k
du=itj—k v=0

S.u=2f v=-3j

6bu=ixj v=jxk

T.u=-8i—-2—4k v=20+2+k

3

8.u=2

i-dj+k voisjex

In Exercises 9-14, sketch the coordinate axes and then include the
vectors u, v, and u X v as vectors starting at the onigin.

9. u=1i v=j 0.a=i—-k v=j
ILa=i-k v=j+k 2.0=2—j v=1i+2j
B.au=i+j v=i-]} 4 uo=j+2k v=i



