FUNCTIONS

In this chapter we review what functions are and how they are pictured as graphs, how they are
combined and transformed, and ways they can be classified. We review the trigonometric
functions, and we discuss misrepresentations that can occur when using calculators to obtain a
function’s graph.

Functions and Their Graphs .\

Functions are a tool for describing the real world in mathematical terms. A function can be
represented by an equation, a graph, a numerical table, or a verbal description

Functions: Domain and Range ()
¥ = fix) ("y equals fof x™).
In this nodation, the symbol f represents the function, the letier x is the independent vari-
able representing the imput value of f. and y is the dependent variable or cutput value of
fatx.

DEFINITION A function f from a set D to a set ¥ is a rule that assigns a unigue
(single) element f(x) € ¥ to each element x D.

EXAMPLE 1  Lets verify the natural domains and associated ranges of some simple
functions. The domains in each case are the values of x for which the formula makes sense.

Function Demain (x) Range (y)

¥= x | —oa, aa) [, o)

¥=1fx (—oa, 0)LI(0, o) {—oo, 0) L0, o)

¥F=Vx [0, e} [0, o)

F=v4-—-x (—oo, 4] [0, o)

F=v1-x [-1,1] [0.1]

y

Plecewise-Defined Functions SRR y=hl
Sometimes a function is described by using different formulas on different parts of its ol T
domain. One example is the absolute value function :

gad B Z=D g ) S

s x <0,

FIGURE 1.8 The absolute value
whose graph is given in Figure 1.8. The right-hand side of the equation means that the fynction has domain {—oc, oo)

function equals x if x = 0, and equals —xif x <C 0. Here are some other examples. and range [0, c©).
¥

EXAMPLE 4  The function y==x | ¥=M

—X x<0 I y=1

fix) = 2 0=xs=1 Sy=2
, x>1 = 4

is defined on the entire real line but has values given by different formulas depending 00 froipr 10 To graph the
the position of x. The values of f are given by y = —x when x < 0. y =x° when g0 f(x) shown here
0=x=1,and y = | when x > 1. The function, however, is just one function whose . apply'ciffe-rcm' foramies 0
domain is the entire set of real numbers (Figure 1.9). B ifferent parts of its domain

(Example 4).



Increasing and decreasing function (2

If the graph of a function c/imbs or rises as you move from left to right, we say that the
function is /ncreasing. If the graph descends or falls as you move from left to right, the
.function is decreasing

DEFINITIONS Let f be a function defined on an interval 7 and let x; and xz be
any two points in J.

L. If flx;) > flx;) whenever x; << x3, then f is said to be increasing on /.
2. If flxz) < f(x;) whenever x1 < x2, then f is said to be decreasing on /.

Even Functions and Odd Functions: Symmetry (3

.The graphs of evenand odd functions have characteristic symmetry properties

DEFINITIONS A function y = f(x)isan

even functionof x if f(—x) = flx),
odd function of x if fl—x} = —flx),

for every x in the functions domain.

Examples

fix) = x* Even function: { —x)* = x* for all x; symmetry about y-axis.

fixy=x+1 Even function: {—x)* + 1 = x* + 1 for all x; symmetry about -axis
{Figure 1.13a).

fix)=x Odd function: {—x) = —x for all x; symmetry about the origin.

fix)=x+1 Motodd: fl—x) = —x + 1.but —flx) = —x — 1_The two are not
equal.
Moteven: (—x) + 1 # x + | forallx # 0 (Figure 1.13b). | |

Common Functions (4

linear function 4.1

DEFINITIOM  Two variables v and x are propertional (io one another) if one is
always a constant multiple of the other; that is, if ¥ = &x for some nonzero
constant £.
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Power function .Y

Power Functions A function f(x) = x*, where a is a constant, is called a power func-
tion. There are several important cases to consider.

,-.. nwhere n is anintegerl,2,3Where a= (A
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polynomial function 4.3
A function p is a polynomial if
px)=ax"+a, x* '+ . +ax+aq
where n is 4 nonnegative integer and the numbers ap, @y, d7. ..., i, are real constants
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Rational function 4.4

A rational function is a quotient or ratio f(x)=p(x)/q(x) where pand g are polynomials. The
. The graphs of 0Odomain of a rational function is the set of all real x for which g(x)not equal to

: several rational functions are shown below
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Algebraic function 4.5
Any function constructed from polynomials using algebraic operations (addition, subtraction,
multiplication, division, and taking roots) lies within the class of algebraic functions. All rational

functions are algebraic, but also included are more complicated functions
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Trigonometric function 4.6
The six basic trigonometric functions are reviewed later. The graphs of the sine and cosine functions are shown in

Figure

Exponential Functions 4.7

Functions of the form f(x) =a * where the base a greater than zero is a positive constant and a
not equal to one are called exponential functions. All exponential functions an exponential
. The graphs of some exponential functions are shown belowOfunction never assumes the value
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