LIMITSAND CONTINUITY

Mathematicians of the seventeenth century were keenly interested in the study of motion for
objects on or near the earth and the motion of planets and stars. This study involved both the speed
of the object and its direction of motion at any instant, and they knew the direction was tangent
to the path of motion. The concept of a limit is fundamental to finding the velocity of a moving
object and the tangent to a curve. In this chapter we develop the limit, first intuitively and then
formally. We use limits to describe the way a function varies. Some functions vary continuously,
small changes in x produce only small changes in f(x). Other functions can have values that
jump, vary erratically, or tend to increase or decrease without bound. The notion of limit gives a

.precise way to distinguish between these behaviors

Limits of Function Values

Frequently when studying a function y=f(x) , we find ourselves interested in the function’s
behavior neara particular point , but not af x,

THEOREM 1—Limit Laws If L, M, c. and k are real numbers and

Iim f(x) = L and Iim g{x) = M, then
X—*C X—*C

1. Sum Rule: Im(fix) + g{x)) =L+ M
ey
2. Difference Rule: Im(fix) —glx)) =L - M
X—*C
3. Constant Multiple Rule: Im(k- flx)) = k- L
T
4. Product Rule: Im(fx) g(x) =L-M
S
fix)
5. Quotient Rule: lim - L M#0
r—c glx) M
6. Power Rule: lim[f(x)]* = L*, n a positive integer
X—eC
7. Root Rule: mV f(x) = VL =LY, n a positive integer
e

(If m is even, we assume that Iim f(x) = L = 0.)
I—+C

the limits law



Examples
Find the following limits
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Evaluate the following limit
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The sandwich theorem

The following theorem enables us to calculate a variety of limats. It is called the Sandwich
Theorem because it refers to 2 function f whose values are sandwiched betweoen the values

of two other functions g and A that have $he same limit L at a pont . Being trapped be- ‘-Q- 4}'

tween the values of two functions that approach L, the values of f must also approach L
(Figare 2.12). You will find 2 peoof in Appendix 4. g

albso that

Then lim, .. flx) = L.

THEOREM 4—The Sandwich Theorsm  Suppose that g(x) = fix) = a(x) for
2ll x in some open interval contzining ¢, except possibly at x = ¢ #self. Suppose sandwichad betwees the graphs of g d &

lim g(x) = tim Max) = L.

FIGURE 2.12 Thegrphof  Is

The Sandwich Theorem is also called the Squecze Theorem or the Pinching Theorem.

EXAMPLE = Giventham

|- X cux)=1+%5  foralix =0,
find Bm, __, uix). no matter how complicated w is

Solution Simce

Em(1 —- (x%/4)) =1 and  Em(l + (x%/2)) = 1.

the Sandwich Theorem imphics $hat lim, _.ou(x) = 1 (Figmzre 2.13).
all x in some open interval contining ¢, except possibly at x = ¢ #self. Suppose

abso that

Then limg .. flx) = L.

lim g(x) = im Mx) = L.

EXAMPLE The Sandwich Theorem belps us establish several important limit rules:

(@) Jim sin® =0 ®) Jim cosd = 1
(€) For any fumction £, Jm [f(x) = O imples lim f(x) = 0.
Solution

(a) In Section 1.3 we estabhished that (0] < sin@ < @] for all § (see Figwre 2.142)
Since kmg_.o{ {0)) = limg..o|#] = 0, we have

hm smé = 0.
<0

(b) From Section 13,0 < | — cos@ < |0] for all & (see Figure 2.14b), mnd we have
Emg .ol — ccs®) = Oor

him cos@ = 1.
[ ]

(c) Since ~|fix)| = fix) = |fix)| and ~|f(x)| =d | fix)] bave mit 0 as x—c. it
follows $at i, .. fix) = 0. ™



