2Limits and continuity

One-Sided Limits

In this section we extend the limit concept to one-sided limits, which are limits as x ap-
proaches the number ¢ from the left-hand side (where x <Z ¢) or the right-hand side

(x = ¢) only.

One-Sided Limits

To have a limit L as x approaches ¢, a function f must be defined on bath sides of ¢ and its
values fi(x) must approach L as x approaches ¢ from either side. Because of this, ordinary
limits are called two-sided.
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FIGURE Different right-hand and
lefi-hand limits at the origin.

If f fails to have a two-sided limit at ¢, it may still have a one-sided limit, that is, a
[imit 1f the approach 1s only from one side. If the approach 1s from the night, the limit 15 a
right-hand limit. From the left, it is a lefi-hand limit.

The function f(x) = x/|x|(Figure ) has limit | as x approaches 0 from the right,
and limit —1 as x approaches () from the left. Since these one-sided limit values are not the
same, there 1s no single number that f(x) approaches as x approaches 0. So f(x) does not
have a (two-sided) limit at 0,

Intuitively, if f(x) i1s defmed on an mterval (c, b), where ¢ < b, and approaches arbi-
trarily close to L as x approaches ¢ from within that interval, then f has right-hand limit L
at ¢. We write

hm_ f(x) = L.
I~
The symbol “x — ¢* " means that we consider only values of x greater than ¢.

Similarly, if f(x) is defined on an interval (a, c), where a < ¢ and approaches arbi-
tranly close to M as x approaches ¢ from within that interval, then f has left-hand limit M
at¢. We write

lim f(x) = M.
I
The symbol “x — ¢~ means that we consider only x values less than c.

These informal definitions of one-sided limits are illustrated in Figure 2.23. For the
function f(x) = x/|x|n Figure 2.24 we have
lim flx)=1 and ]in&_ flx) = -1.
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THEOREM A function f(x) has a limit as x approaches ¢ if and only if it has
left-hand and right-hand limits there and these one-sided limits are equal:

lim f(x) = L =

X—*¢

im_ flx) =L and lim f(x) = L.
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EXAMPLE

For the function graphed in Figure

y=f0 Atx = 0: lime—g+ f(x) = 1,
2r ._j/\ lim—g- f(x) and lim;—g f(x) do not exist. The function is not de-
fined to the left of x = 0.
“\ : Atx =1 lim._- f(x) = 0 even though f(1) = 1,
Y S m—— limeys flx) = 1, | ' ’
lim— f(x) does not exist. The right- and left-hand limits are not
FIGURE  Graph of the function i
Atx =2: lime—y f(x) =1,
limeo+ f(x) = 1,
lim,_.; f(x) = 1 even though f(2) = 2.
Atx =3: lime—s- f(x) = limess f(x) = limes f(x) = f(3) = 2.
Atx = 4: lim—s f(x) = | even though f(4) # 1,
lim,_.4+ f(x) and lim,_.4 f(x) do not exist. The function is not de-
fined to the right of x = 4.
At everv other point ¢ in 0. 41. f(x) has limit f(c). = [ ]
DEFINITION
Interior point: A function y = f(x) is continuous at an interior point ¢ of its
domain if

Endpoint: A function y

lim f(x) = f(c).

f(x) is continuous at a left endpoint a or is

continuous at a right endpoint b of its domain if

lim_ f(x) = f(a)

or lirrg- f(x) = f(b), respectively.
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EXAMPLE Fird the points at which the function f in Figure 2.35 is continuous and
the points at which [ is nct continuous.

Solution  The function f is continuous at every point in its domain [0, 4] except at
x = l,x =2,and x = 4. At these points, there are breaks in the graph. Note the relation-
ship between the limit of f and the value of f at each point of the function’s domain.

Paints at which f is continuous:
Atx =0, xl_xgg f(x) = f(0).
Atx =3, J‘ll_rz‘gj'(t) = 1(3).
X A0<e<dc# 12, lim ) = flo).
r ._Kf(x) Paints af which £ is not continuous:
1 ! 0 Atx=1, rh_rp] f(x) does not exist.
0\ 7' l Z x Atxr=2, }i_rpzf(x) = L,but| # f(2).
Atx =4, xl_l{l} flx) = 1,butl # f(4).

FIGURE The function 's continuous
on [0, 4] exceptatx = I,x = 2, and Ate <0.c >4, these points are not in the domain of f.
x = 4 (Example ).

To define continuity at a point in a function’s domain, we nzed to define continuity at
an interior point (which involves a two-sided limit) and continuity at an endpoint (which
involves a one-sided limit)

Continuity at a Point

To understand continuity, it helps to consider a function like that in Figure 2.35, whose
limits we investigated in Example 2 in the last section.

Continuity Test
A function f(x) is continuous at an interior point x = ¢ of its domain if and only
if it meets the following three conditions.

1. f(c) exists (¢ lies in the domain of f).
2. lim. f(x) exists (f has a limit as x — ¢).
3. lim_., f(x) = f(c) (the limit equals the function value).



Exercises 5-10 refer to the function

-1, -1l=x<0
2x, 0<x<1
flx) = . x=1
—2x + 4, 1 <x<2
0, 2<x<3

graphed in the accompanying figure.

10.

y=f®

> X
~ 0 1 2 3
-\' —- .T&V} _l
The graph for Exercises 5-10.

. a. Does f(—1) exist?

b. Does lim;—. - f(x) exist?
¢. Does limy—._;+ f(x) = f(—1)7

d. Is f continuous atx = —17

. 4. Does f(l) exist?
b. Does lim,_.; f(x) exist?

¢. Does limy—; f(x) = f{1)7

d. Is f continuous atx = 17
. a. Is f defined at x = 27 (Look at the definition of f.)
b. Is f continuous atx = 27

At what values of x is f continuous?

. What value should be assigned to f(2) to make the extended func-

tion continuous atx = 27

To what new value should f(1) be changed to remove the discon-
tinuity?



At what points are the functions in Exercises 13-30 continuous?
1 |

13. y = — 3x 4 y=—+4
YTy =2 ¥ (x + 2)°
x4+ 1 x+3
15. y=—5——— 6. y=—5—""—
! ¥ —4dx + 3 Y ¥ —3x—10
17. y = |x — 1| + sinx 18. v = L X
x|+ 1 2
COS X x+ 2
19. vy =— 0.y =T
21. y=csc2x 2.y = tan%x
xtanx Vixt+ 1
23. y = M y=—""—
YT Y+ sintx
5. y= V2x + 3 26. y=Vir—1
27. y=(2x — 1)\# 28. y=(2 —x)'°

47. For what values of g and b is

-2, x=—I
fix)y=qax—b, -1 <x<1
3 x=1

continuous at every x?
48. For what values of @ and b is

ax + 2b, x=0
gix)=<x*+3a—-bh 0<x=2
3x— 85, x>2

continuous at every x?



