3Limits and continuity
Infinite Limits

Let us look again at the function f(x) = 1/x. As x— 07", the values of f grow without

bound, eventually reaching and surpassing every positive real number. That 1s, given any
positive real number B, however large, the values of f become larger still
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" You can get as high
as you want by
taking x close enough
to 0. No matter how
high B is. the graph
goes higher.
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No matter how
low —B is, the
graph goes lower.
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You can get as low as| @ —B
you want by taking
x close enough to 0.




General Formulas Inverse Trigonometric Functions
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. o - o [sin'x) = — f;tr{cns x}
Constant: FHlcl=10 ! x
. o _du  dv Ay = 1L A
Sumi: E[H+"]_E+E m-[a“ x) 1 + 22 ﬂr_1;[53'3 x)
. d oy d
Dufference: w=CU S EmE T Em Lot 'n)=—— = Lfese ') =
d du P "
Constand Multiple: E[m] =g i otic Funct
olic Functions
Product: %[m] = u% + |-% vee
N i[si|1l1 x) = coshx i{l::c:rsh x) =
O L T} dx ' i '
. o fmy _ _dv dx .
Ouotient: E(F) = = 4 (tanh x) = sech®x 4 (sachx) =
B i (| a=1
Power: T e E[Ecﬁh x) = —csch’ x %[csch.r] =
o . v
Chatn Rule: E[ﬂg[.r]) = friglx))-g"(x)
Inverse Hyperbolic Functions
Trigonometric Functions P . o
<L (sinh 'x) = —+ {cosh ' x)
o . . dx V1 + 22 X
E[smx] = CosX E[mﬁx}l = —sinx :
i[mm"r] — i[sach"x}
i[t.aunfl'l=52|c:3.1.' i[s:ai:a:}l=s:ac:;\‘l::m:r dx ’ 1 - x? [y
i dy
o _ N a o K 1y — 1 o -1
E[mlr) = —csctx E[csc x) = —escxcotx dr[tmh x) = .:Ex[mrj x}
Exponential and Logarithmic Functions Parametric Equations
B A = % If x = f(#) and v = p{f) are differentiable,
b b : .
P . . dv  dyidl %y
M o ox T i =_1 ¥ o= =—— —
ot a*Ina Lﬁ_[]agax) Tina dx  ax/dt it

DIFFERENTIATION RULES

pt

1l —x
1
v — 1
1

-1

x|

sinhx
—=ach x tanh x

—csch x coth x

_ 1
AT
_ 1
- 1 —x
_ 1
a x| %1 + =2
than
_ e

abe/dlt



EXAMPLE 11  Find lim and lim

—1tx — 1 x—1x— 1

Geometric Solution  The graph of y = 1/(x — 1) is the graph of y = 1/x shifted | unit
to the right (Figure 2.60). Therefore, y = 1/(x — 1) behaves near 1 exactly the way
» = 1/x behaves near 0:

i —L_=%a  and fii B e gh
s—1rx—1 =1 %x.— 1

Analytic Solution  Think about the number x — 1 and its reciprocal. As x — 17, we have
(x—1)—0"and1/(x — 1)—00.Asx— 1 ,wehave(x — 1)—=0 " and 1/(x — 1) —
—00. a

EXAMPLE 12  Discuss the behavior of

f(x) = l, as x—0.
)

Solution  As x approaches zero from either side, the values of | /x2 are positive and be-
come arbitrarily large (Figure 2.61). This means that
i L.k
lim f(x) = lim— = 00, a
x—0 f( ) x—0 xz
The function y = 1/x shows no consistent behavior as x — 0. We have 1/x— oo if
x— 07, but I/x — —o0 if x— 0. All we can say about lim,—g (1/x) is that it does not
exist. The function y = 1/x? is different. Its values approach infinity as x approaches zero
from either side, so we can say that lim,—.q (1 /xz) =X,
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Limits and Continuity
1. Graph the function

1. r=—1
—x, -1 ==x=0
flx) = 1. =10
—X, 0-=x-=1
1. r=1.

Then discuss, in detail, limits, one-sided limits, continuity, and
one-sided continuity of fatx = —1,0, and 1. Are any of the dis-
continuities removable? Explain.

2. Repeat the instructions of Exercise | for

0, x = —1
) 1x, 0<|x|=<1
flx) = 0. x=1

1, x> 1



Finding Limits
In Exercises 928, find the limit or explain why it does not exist.
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Generalized Limits Involving 51;”

The formula limg.g(sind)/# = | can be generalized. If lim,..
flx) = 0 and f(x) is never zero in an open interval containing the

point x = ¢, except possibly ¢ itself, then

i sin f(x)
im =
x— f{.ﬂ
Here are several examples.
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Find the limits in Exercises 25-30.
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