Complex numbers



Cartesian complex numbers

There are several applications of complex numbers in science and engineering, in
particular in electrical alternating current theory and in mechanical vector
analysis.

There are two main forms of complex number —Cartesian form and polar form .
If we can add, subtract, multiply and divide complex numbers in both forms and
represent the numbers on an Argand diagram then a.c. theory and vector analysis
become considerably easier.

(i) If the quadratic equation x2 +2x +5 =0 is solved using the quadratic formula
then,
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It is not possible to evaluate /—1 in real
terms. However, if an operator j is defined as
j=+/—1 then the solution may be expressed as
x=—1+ j2.

—1+4 j2 and —1— j2 are known as complex
numbers. Both solutions are of the form a + jb,
‘a’ being termed the real part and jb the
imaginary part. A complex number of the form
a+ jb is called Cartesian complex number |

In pure mathematics the symbol 7/ is used to

indicate +/—1 (i being the first letter of the word
imaginary). However i is the symbol of electric
current in engineering, and to avoid possible con-

fusion the next letter in the alphabet, j,1s used to

represent o/ —1.



Problem 1. Solve the quadratic equation
x24+4=0.

Since x24+4=0then x’=—4and x= v —4.

ie, x=V[(=)@]=y(=)Vi=j*2)
= j2, (since j = +/—1)
(Note that £ j2 may also be written £2j).

Problem 2. Solve the quadratic equation
2x% 4+ 3x +5=0.

Using the quadratic formula,
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Hencex:—%:l: j? or —0.750 &+ j1.392,

correct to 3 decimal places.

Problem 3. Evaluate
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j3=j%’x j=(-1)x j=—j, since j2=—1
jt=ji*x j’:=(-Hx(-H=1
P=jx j2=jx( jHN = jx (1)}

=jx(—1)=—j
P’=jx j¥=jix(jH*=jx(-1)*
=jx1=j
Hence _9 =_4=__4x _J__ 41,,
J J i =i —j?
i
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20.3 Addition and subtraction of
A complex number may be represented pictorially on
rectangular or cartesian axes. The horizontal (or x) axisis Two complex numbers are added/subtracted by adding/
used to represent the real axis and the vertical (or y) axis subtracting separately the two real parts and the two
is used to represent the imaginary axis. Such a diagram imaginary parts.

is called an Argand diagram. In Fig. 20.1, the point A
represents the complex number (3 + j2) and is obtained
by plotting the co-ordinates (3, j2) asingraphical work. then 7, + Z,=(a+ jb)+ (c+ jd)
Figure20.1 also showsthe Argand points B, C and D rep- _
resenting the complex numbers (—2+ j4), (=3 — j5) =(@+o)+ jb+d)
and (1 — j3) respectively. and Z)—Zx=(a+jb)—(c+ jd)

=(@—c)+ j(b-d)

complex numbers

For example, if Zy=a+ jband Z2=c+ jd,

Imaginary
axis
Thus, for example,

Q2+ j3)+G— j4=2+ j343— j4
=5—j1
and (2+ j3)—(3— j4)=2+ j3-3+ j4

Real axis ==14j7

The addition and subtraction of complex numbers may
be achieved graphically as shown in the Argand diagram
of Fig. 20.2. (2+ j3) is represented by vector OP and
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(3 — j4)by vector 0Q. In Fig. 20.2(a) by vectoraddition —J4[ ol
(i.e. the diagonal of the parallelogram) OP +0Q =OR. (b)

R is the point (5, —j 1).
Hence 2+ j3)4+ 3 — j4)=5—Jl1.

In Fig. 20.2(b). vector OQ is reversed (shown as OQ")
since it is being subtracted. (Note OQ=3— j4 and
0Q0'=—C—jH=-3+j49).

OP — 0OQ = OP + OQ’ =0S is found to be the Argand
point (—1, j7).

Hence 2+ j3)— 33— j4)=—1+4+ ;7



Problem 4. Given Z;=2+ jd4and Z,=3—j
determine (a) Z;+ Z>,(b) Zy —Z»,(¢c) Z>— Z, and
show the results on an Argand diagram.

(@) Z1+Zr=Q2+ jH+3—-J)
=Q243)+j@d-1)=5+ ;3

b) Z)-Z2=2+ jH-3—-))
=2-3)+j@d-(-1)=-1+5

© Z2-Z1=03-j)—-2+j4)
=B3-2)+j(-1-4=1-j5

Imaginary
axis

(—1+/5) ¢ j5t

Real axis

20.4 Multiplication and division of

complex numbers

(i)  Multiplication of complex numbers is achieved
by assuming all quantities involved are real and
then using j2=—1 to simplify.

Hence (a+ jb)(c+ jd)
=ac+a(jd)+(jb)c+(jb)(jd)
=ac+ jad+ jbc+ j*bd
=(ac—bd)+ j(ad+bc),

since j2:—]
Thus 3+ j2)(4— j5)
=12— j15+ j8— j210
=(12—(—10))+ j(—1548)
=22—j7



(11) The complex conjugate of a complex num-

!3er i-s obtained by changing the sign 9f the Problem 5. If Zy=1— j3,Z,=—2+ j5and
imaginary part. Hence the complex conjugate Z3=—3— j4,determine in a+ jb form:
of a+ jb is a— jb. The product of a complex 7
number and its complex conjugate is always a (a) Z1Z> (b) =L
real number. ZaZs Z3
(© (d) Z,Z>22Z3

For example, ZN-1-7Z>

B+jHG~jH=9—j12+ 12— j*16 @ Z1Zy=(1— j3)(=2+j5)

=9+16=25 :_2+j5+j6_j2]5
[(a+ jb)(a— jb) may be evaluated ‘on sight” as =(—2+15)+ j(5+6), since jZ=—1,
a’+b%).
=13+ j11

(111) Division of complex numbers is achieved by
multiplying both numerator and denominator by (b) i 1=j33 1=j3 —3+j4
the complex conjugate of the denominator. Zzs —3—j4 —3—j4 Y j4

For example, =—3+j4+j9—1212
32+42
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or 0.36 + j0.52
_ 6—j8—j15+ j220
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or —0.56 —j0.92




ZiZy _ (1-j3)(=2+j5)
Z1+Zy (1—j3)+(=2+j5)
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= =535 or1.8—j7.4

(c)

, from part (a),

(d) Z1Z>Z3=(13+ j11)(=3 — j4), since
Z1Z> =13+ j11, from part (a)
=—39—j52—j33— j244
=(—39+44) — j(52+33)
=5—j85



