
𝑒∓𝑥 = 1 ∓
𝑥

1!
+

𝑥2

2!
 ∓  

𝑥3

3!
+

𝑥4

4!
 ∓

𝑥5

5!
+  …………Odd function  

 𝑒∓𝑥2
= 1 ∓

𝑥2

2!
 ∓  

𝑥4

4!
+

𝑥6

3!
 ∓

𝑥8

4!
+

𝑥10

5!
− …....Even function  

𝑒−∝2𝑥2
= 1 −

∝2𝑥2

1!
+ 

∝4𝑥4

2!
−

∝6𝑥6

3!
+

∝8𝑥8

4!
+. . Even function 

 𝑓 𝑥 𝑑𝑥 = 0
∞

−∞
  For odd function 

For example:  𝑥 𝑑𝑥
2

−2
= 

𝑥2

2 −2

2

=
4

2
−

4

2
= 0  

 𝑓 𝑥 𝑑𝑥 = 2
∞

−∞
  𝑓 𝑥 𝑑𝑥

∞

0
  For even function  

 5𝑥4 𝑑𝑥 = 5
𝑥5

5
 
−1

1

= 2
1

−1
  

= 2  5𝑥4 = 2
5𝑥5

5 0

1

= 2 1 5 = 2
1

0
  

 



•  𝑥2𝑛 𝑒−𝑎𝑥2
 𝑑𝑥 =

2𝑛−1 ‼

2𝑛+1  
𝜋

𝑎2𝑛+1

∞

0
 …….(5.12) 

• For example:  𝑒−𝑎𝑥2∞

0
𝑑𝑥, 𝑛 = 0 =

2𝑛−1 ‼

2𝑛+1  
𝜋

𝑎2𝑛+1  

• =
2 0 −1 ‼

20+1  
𝜋

𝑎2 0 +1 =
1

2
 

𝜋

𝑎
  

•  𝑥2∞

0
 𝑒−𝑎𝑥2

𝑑𝑥, 2𝑛 = 2 ⟹ 𝑛 = 1  

•
2 1 −1 ‼

21+1  
𝜋

𝑎2+1 =
1

4
 

𝜋

𝑎3  

•  𝑒−∝𝑥2∞

0
𝑑𝑥 =   𝑛 = 0 

2 0 −1 ‼

20+1  
𝜋

∝2 2 0 +1 𝑎 =∝2    

• =
1

2
 

𝜋

∝2  

•  𝑥4∞

0
 𝑒−∝2𝑥2

𝑑𝑥 ⟹ 2𝑛 = 4 ⟹ 𝑛 = 2  

•  
2 2 −1 ‼

22+1  
𝜋

∝2 2 2 +1 =
3

8
 

𝜋

∝10  

 



•  𝑥6 𝑒−∝𝑥2∞

0
𝑑𝑥 =  

• 2𝑛 = 6 ⟹ 𝑛 = 3  

•
2 3 −1 ‼

23+1  
𝜋

∝2 2 3 +1  

• =
5‼

16
 

𝜋

∝14  =
15

16
 

𝜋

∝14 



• Normalized condition of harmonic oscillator 

•  𝜓𝑛𝜓𝑛 ∗ 𝑑𝑥 = 1
∞

−∞
 ……..(5.14) 

• Solved problem: prove the wave function of the 
harmonic Oscillator at the 1st excited state is 
normalized.  

• Solve:  

• 𝜓𝑛 𝑥  𝑁𝑛 𝐻𝑛 ∝ 𝑥  𝑒
−∝2𝑥2

2   

• 𝑁𝑛 =
∝

𝜋 2𝑛 𝑛!
  ⟹ 𝑁1 =

∝

𝜋 2!
 =

∝

2 𝜋

1

2
    

• H𝑛 𝑧 = −1 𝑛  𝑒𝑧2
 

𝑑𝑛

𝑑𝑧𝑛  𝑒−𝑧2
 



• H1 𝑧 = −1 1  𝑒𝑧2
 

𝑑

𝑑𝑧
 𝑒−𝑧2

  

•  H1 𝑧 =  − 𝑒𝑧2 −2𝑍𝑒−𝑧2
= 2𝑍 

• H1 ∝ 𝑥 = 2 ∝ 𝑥  

• ∴ 𝜓1 =
∝

2 𝜋

1

2
2 ∝ 𝑥 𝑒

−∝2𝑥2

2  

•  𝜓𝑛 𝜓𝑛
∗  𝑑𝑥 = 1

∞

−∞
  

•  
∝

2 𝜋

1

2∞

−∞
2 ∝ 𝑥 𝑒

−∝2𝑥2

2    .  
∝

𝜋2

1

2
2 ∝ 𝑥 𝑒

−∝2𝑥2

2 𝑑𝑥 

•
∝3

2 𝜋
 𝑥2𝑒−∝𝑥2∞

????
𝑑𝑥 = 2

∝

𝜋2   𝑥2𝑒−∝𝑥2∞

0
  

•  𝑥2𝑛𝑒−𝑎𝑥2∞

0
𝑑𝑥 =

2𝑛−1 ‼

2𝑛+1  
𝜋

𝑎 2𝑛+1  

• 2𝑛 = 2 ⟹ 𝑛 = 1  

•   𝑥2𝑒−2𝑥2∞

0
𝑑𝑥 =

2 1 −1 ‼

21+1  
𝜋

∝2 2 1 +1  

• = 
1

4
 

𝜋

∝6 

 



• ∴ Total integration    
4∝3

𝜋

1

4
 

𝜋

∝6 

•
4∝3

𝜋

1

4
 

𝜋

∝6 = 1  

• ∴ The function is normalized  
• Solved problem: Prove 𝜓2 for Harmonic Oscillator is normalized.  
• solution:  

• 𝜓2 =
∝

8 𝜋
4 ∝2 𝑥2 − 2  𝑒

−∝2𝑥2

2 = 𝜓2
∗  

•  𝜓2
∗∞

−∞
 𝜓2 𝑑𝑥 = 1  

•  
∝

8 𝜋

∞

−∞
 4 ∝2 𝑥2 − 2  𝑒

−∝2𝑥2

2            
∝

8 𝜋
4 ∝2 𝑥2 − 2  𝑒

−∝2𝑥2

2  𝑑𝑥  

• = 2.
∝

8 𝜋
  4 ∝2 𝑥2 − 2 2∞

0
𝑒−∝2𝑥2

 𝑑𝑥   

•
∝

4 𝜋
  16 ∝4 𝑥4 − 16 ∝2 𝑥2 + 4 𝑒−∝2𝑥2

 𝑑𝑥
∞

0
  

•
∝

4 𝜋
  16 ∝4 𝑥4 𝑒−∝2𝑥2

 𝑑𝑥
∞

0
−

∝

4 𝜋
 16 ∝2 𝑥2 𝑒−∝2𝑥2

 𝑑𝑥
∞

0
+

∝

4 𝜋
  4𝑒−∝2𝑥2

 𝑑𝑥
∞

0
  

•
4∝5

𝜋
 
3

8
 

𝜋

∝10 − 
4∝3

𝜋
 
1

4
 

𝜋

∝6 +
∝

𝜋
 
1

2
 

𝜋

∝2 = 1  

• ∴ 𝜓2 is normalized    
 



• The orthogonal  OF  harmonic oscillator  
•  𝜓𝑜𝑑𝑑

∗∞

−∞
 𝜓𝑒𝑣𝑒𝑛 𝑑𝑥 = 0 ……(5.15) 

•  𝜓𝑚
∗∞

−∞
 𝜓𝑛 𝑑𝑥 = 0   The orthogonal condition  

•   
• Solved problem: 
• Prove 𝜓0 and 𝜓2 for Harmonic Oscillator are orthogonal.  
• solution:  

• 𝜓0 =
∝

𝜋

1

2
 𝑒

−∝2𝑥2

2   

• 𝜓2 =
∝

8 𝜋

1

2
 4 ∝2 𝑥2 − 2 𝑒

−∝2𝑥2

2   

•  
∝

𝜋

1

2∞

−∞
 𝑒

−∝2𝑥2

2  
∝

8 𝜋

1

2
4 ∝2 𝑥2 − 2 𝑒

−∝2𝑥2

2 𝑑𝑥   

•
∝

2 2𝜋
  4 ∝2 𝑥2 − 2 𝑒−∝2𝑥2∞

𝑑𝑥  

•
∝

2𝜋
  4 ∝2 𝑥2 𝑒−∝2𝑥2∞

0
𝑑𝑥 − 

∝

2𝜋
  2 𝑒−∝2𝑥2∞

0
𝑑𝑥   

•
4∝3

2𝜋
 
1

4
 

𝜋

∝6 −
2∝

2𝜋
 
1

2
 

𝜋

∝2  

•
1

2
−

1

2
= 𝑧𝑒𝑟𝑜 ⟹ 𝜓0 𝑎𝑛𝑑 𝜓2 are orthogonal 

 



•   

• * Problems: 

• -  Prove 𝜓1 and 𝜓3 for Harmonic Oscillator are 
orthogonal.  

• - Prove ψ3 is normalized. 

• - Prove 𝜓2 and 𝜓4 are orthogonal. 

• - Prove 𝜓4 is normalized. 

• - Prove 𝜓1 and 𝜓5 are orthogonal. 

 



• Example : compare  between 𝝍𝟒and 𝝍𝟓 for 
Harmonic Oscillator 

• Solution: 

 𝝍𝟒 𝝍𝟓 

Ε𝑛 =
9

2
 ℏ𝑤 less than 𝜓5 Ε𝑠 =

11

2
 ℏ𝑤 greater than 𝜓4 

N𝑛 =
∝

384 𝜋
  greater than 𝜓5 N𝑠 =

∝

3840 𝜋
   less than 𝜓4 

Means the probability density of 𝜓4 is greater 

than 𝜓5 more stable  
The stability of 𝜓5 is less than 𝜓4 



• Example:: Make a comparison between the 
results of quantum mechanics and classical 
mechanics for the harmonic Oscillator 

  

Results of classical mech 
Results of Q.M 

1. The energy Ε =
1

2
𝑚𝑤2𝐴2   The energy Ε = 𝑛 +

1

2
ℏ𝑤  

2.      The minimum energy Ε0 = 𝑧𝑒𝑟𝑜   The min energy Ε0 =
1

2
 ℏ𝑤  

3.   Cannot found in the displacement X    

greater than A  

May be found in the forbidden classical 

zone  

4.   Momentum Pc has min- value at 𝑥 = 0 

can be take high value at 𝑥 = A 

𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚  PQM has maximum value at 

𝑥 = 0 and min value at 𝑥 = A  



Figure(5.2) classical and quantum zones 


