
Fourth Lectuer 
Linear Operators 

Types and definition of linear operators 
Operators: refer to the physical quantities which are if entered to 
other quantities turned them to new quantities or if affected on 

the wave function convert it to a  new function. 
If A: physical quantity 

∴ 𝐴  𝑜𝑟 𝐴𝑜𝑝 𝑖𝑠 𝑎 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟   

Such as the physical quantity linear momentum 𝑃  , 𝑃𝑜𝑝   
2.1.1 linear momentum operator 

𝜓 = 𝑒
⋏ 

ℏ
 𝑋𝑃𝑥−𝐸𝑡    

We have 𝜓 = 𝑒
⋏ 

ℏ
 𝑋𝑃𝑥−𝐸𝑡        𝑤𝑎𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

𝜕 𝜓 

𝜕𝑥
= 

⋏ 

ℏ
 𝑃𝑥𝜓𝑒

⋏ 

ℏ
 𝑋𝑃𝑥−𝐸𝑡 =

⋏ 

ℏ
 𝑝𝑥𝜓   

 



•
𝑎𝑛𝑑 𝑏𝑦 𝑡ℎ𝑒
𝑠𝑎𝑚𝑒 𝑤𝑎𝑦 

 

𝑝𝑥 =
ℏ

⋏

𝜕

𝜕𝑥

𝑃𝑦
 =

ℏ

⋏ 

𝜕

𝜕𝑦

𝑃𝑧
 =

ℏ

⋏ 

𝜕

𝜕𝑧

𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑡𝑠 𝑜𝑓 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚
 𝑖𝑛 𝑡ℎ𝑒 𝑥, 𝑦, 𝑎𝑛𝑑 𝑧 𝑑𝑖𝑟𝑒𝑡𝑖𝑜𝑛

 



• 2.1.2 Kinetic Energy operator 

• 𝐾. 𝐸 =
1

2
 𝑚𝑣 2    

• 𝑘. 𝐸 =
𝑚𝑣 2

2𝑚
=

𝑝2

𝑧𝑚
… … … . 2.1)  

• 𝑃𝑜𝑝 =
ℏ

⋏

𝜕

𝜕𝑥
⟹ 𝑃𝑜𝑝

2
= −ℏ2 𝜕2

𝜕𝑥2 

∴  𝑘𝐸𝑜𝑝 𝑜𝑟 

𝑇𝑜𝑝 =
ℏ2

2𝑚
 

𝜕2

𝜕𝑥2    𝑥 − 𝑑𝑖𝑟𝑒𝑒𝑡𝑖𝑜𝑛

 𝑇𝑜𝑝𝑦 =
ℏ2

2𝑚
 

𝜕2

𝜕𝑦2  𝑦 − 𝑑𝑖𝑟𝑒𝑒𝑡𝑖𝑜𝑛

𝑇𝑜𝑝 =
ℏ2

2𝑚
 

𝜕2

𝜕𝑧2  𝑧 − 𝑑𝑖𝑟𝑒𝑒𝑡𝑖𝑜𝑛

 



• 2.2 Properties of linear operators 
• Let 𝛼: 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 
• 𝜓1 , 𝜓2: 𝑤𝑎𝑣𝑒 𝑓𝑢𝑛𝑒𝑡𝑖𝑜𝑛𝑠   

• 𝛼 𝜓1 , 𝜓2 = 𝛼 𝜓1 + 𝛼 𝜓2 
• For example if 𝜓1 = 𝑥2 , 𝜓2 = 𝑥3 

• 𝛼 =
𝜕

𝜕𝑥
  

• ∴ 𝛼 𝜓 + 𝜓2 = 𝛼 𝜓1 + 𝛼 𝜓2   

•
𝜕

𝜕𝑥
𝑥2 + 𝑥3 =

𝜕

𝜕𝑥
𝑥2 +

𝜕

𝜕𝑥
𝑥3  

• 2𝑥 + 3𝑥2 = 2𝑥 + 3𝑥2   

• ∴ 𝑇ℎ𝑒 𝑅𝑢𝑙𝑒 𝑖𝑠 𝑡𝑟𝑢𝑡ℎ 



• 𝑐𝑥 𝜓 = 𝐶 𝛼𝜓 = 𝐶𝛼 𝜓 where Cis constant 

• 𝑖𝑓 𝑎, 𝛽 𝑎𝑟𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 ⟺ 𝑖𝑓 ∝, 𝛽 𝑎𝑟𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠  
• ∴  𝛼 𝛽 𝜓 = 𝛼 𝛽𝜓 = 𝛼𝛽𝜓 ⇒ ∝ 𝛽 𝜓 = ∝ 𝛽𝜓 = ∝  𝛽𝜓  

• 𝛼 𝛽 ≠ 𝛽𝛼 
• The commutator 
• if α and,β are operators  

• Then 𝛼,𝛽 = 𝛼𝛽 − 𝛽𝛼  
• *Example:  

• Find the commutator 
𝑑

𝑑𝑥
, 𝑥  

• 𝑎, 𝛽 = 𝛼𝛽 − 𝛽𝛼  
• 𝑎, 𝛽 𝜓 = 𝛼𝛽𝜓 − 𝛽𝛼𝜓  

•
𝑑

𝑑𝑥
, 𝑥 𝜓 =

𝑑

𝑑𝑥
𝛼𝜓 − 𝑥

𝑑

𝑑𝑥
𝜓  

•
𝑑

𝑑𝑥
, 𝑥 𝜓 = 𝑥

𝑑

𝑑𝑥
+ 𝜓 − 𝑥

𝑑

𝑑𝑥
𝜓  

•
𝑑

𝑑𝑥
, 𝑥 𝜓 = 𝜓  

• ∴  
𝑑

𝑑𝑥
, 𝑥 = 1 



• 𝑁𝑜𝑡:  

•     

𝑥𝑜𝑝 = 𝑋

𝑣𝑜𝑝 = 𝑉
𝑡𝑜𝑝 = 𝑡

 



• If 𝜓1 𝑥, 𝑡 : is a wave function that describes the system in a 
certain state and 𝜓2 𝑥, 𝑡  is another wave function can 
describe the system in other state and 𝜓1, 𝜓2 are constant. 

• ∴  𝜓 𝑥, 𝑡 =  𝑚𝑛 𝜓𝑛 𝑥, 𝑡𝑛 ….2.2 

• *Example: prove 𝑃𝑜𝑝
2 = 𝑃𝑜𝑝

2
 

• Solution:  

• 𝜓 𝑥, 𝑡 = 𝑒
𝑖

ℏ
𝑋𝑃𝑥−𝐸𝑡   

•
𝜕𝜓

𝜕𝑥
=

𝑖

ℏ
𝑝𝑥 𝑒

𝑖

ℏ
𝑥𝑝𝑥−𝐸𝑡   

•
𝜕𝜓

𝜕𝑥
=

𝑖

ℏ
𝑝𝑥 𝜓     

• ∴
𝜕2𝜓

𝜕𝑥2 =
𝑖

ℏ
𝑝𝑥

2
 𝜓 = −

𝑝2

ℏ2  𝜓  

 



• ∴ 𝑃𝑜𝑝
2 = −ℏ2 𝜕2

𝜕𝑥2   

• We have 𝑃𝑂𝑃 =
ℏ

𝑖
 

𝜕

𝜕𝑥
 

• ∴ 𝑃𝑂𝑃
2 = −ℏ2 𝜕2

𝜕𝑥2              ∴ 𝑃𝑜𝑝
2 = 𝑃𝑂𝑃

2   

• *Test your understanding  

• Find the commutators 𝑃𝑥, 𝑥 , 𝑃𝑥
2 , 𝑥  

 


