Mathematics Dr. Saad Zahraw Sekhi

Chapter.1 Functions

1.1 Functions and Their Graphs

Functions: Domain and Range

Functions are a tool for describing the real world in mathematical terms. A
function can be represented by an equation, a graph, a numerical table, or a
verbal description.

The set D of all possible input values is called the domain of the function. The
set of all values of f(x) as x varies throughout D is called the range.

X m—— f > f(X)
Input Output

(domain) (range)

EXAMPLE. 1: Find the domain and range of each function.

Function Domain (x) Range (y)
y=x (—00, 00) [0, 00)
y=1/x (—00,0) U (0, 00) (—00,0)U (0, 00)
y=Vx [0, 00) [0, 00)
y=V4—x (—00, 4] [0, ©0)
y=VI-—x’ [—1,1] [0, 1]
Solution:
— A2
y=Xx x v = %2
Domain (— oo, ) 3 &
2 4
Range [0, ) 1 1
0 0
-1 1
-2 4
-3 9
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1 X Yy = 1/X
y = ; 3 1/3
. 2 1
Domain (= ,0) U (0, ) 1 T
Range (_ 0, 0) V) (0; Oo) 0 1/0 = error
1 -1
2 _1/2
3 _1/3
x y=+vx
y = \/} 3 V3
Domain [0, ©) 2 V2
1 Vi=1
Range [0, ) 0 N
-1 V=1 = eroor
-2 V=2 = eroor
-3 V=3 = eroor
x y=vV4—x
5 V=1 = eroor
y=VE—x e
Domain  (—oo, 4] 2 V2
1 V3
Range [0, ) 0 Va
1 V5
2 V6
x y=+1—x2
y — 1 _ xZ 3 V-8
] 2 V=3
Domain [—1,1] 1 70 =0
Range  [0,1] 0 vi=1
-1 VO=0
-2 V-3
-3 V-8
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Graphs of Functions

Ex. 2: Graph the function y = x?2 over the interval [—-2,2].

Sol.:
.
x y=x" y
—2 4
EXE) 29
1 I .
0 0 3F
39
1 I i [5‘1]
3 9
E I (-1, 1) | (1. 1)
2 4 ! ! ! ! X
-2 -1 0 1 2

Ex. 3: Graph the function f(x) =+v1 — x?2.

Sol.:
x | y=y1-x?
2 \/—_3 = 00 X
1 V0 =0
5 N /\
-1 V0 =0 ]l 0 |
-2 V=3 =
Ex. 4: Graph the function f(x) = —v1 — x?2,
Sol.:
2 —V/—-3 =
! \/6 =0 -1 1
0 -1 ' 5 ' X
= NP,
-2 —v—-3 =
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. >
Ex. 5: Graph the function |x| = { x x20
—X x <0
Sol.:
."‘
x| = x |x| = —x _ y = |
3 —3 e _ V=X
2 -2 r
1 —1 1
0 | | | | | X
3 2 -1 o] 1 2 3
—X x<0
Ex. 6: Graph the function f(x) = {x? 0<x<1
1 x>1
Sol.:
.‘I.
V= 1 y = f(x)
2 -
y = 1
| L
y= x?
| | | | > X
2 -1 0 1 2

Increasing and Decreasing Functions

If the graph of a function climbs or rises as you move from left to right, we say
that the function is increasing. If the graph descends or falls as you move from
left to right, the function is decreasing.

Ex. 7:
The function graphed in Figure is decreasing on (—oo,0] and increasing on

[0, 1]. The function is neither increasing nor decreasing on the interval [1, ).
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-2 -l 0
Ex. 8:
y=X
y
i ’
Ay =x
3 o—=e -
//
2+ O—/O/
7 y=|Xx
| /v =[x]
| A //I 1 |
> X
-2 —1// | 2 3
o—¥ -1
//
o~ r
V4

Even Functions and Odd Functions: Symmetry

The graphs of even and odd functions have characteristic symmetry properties.
The names even and odd come from powers of x. If y is an even power of x,
as in y = x% or y = x* it is an even function of x because (—x)? = x? and
(—x)* = x*. If y is an odd power of x, as in y = x or y = x3 it is an odd
function of x because (—x)! = —x and (—x)3 = —x3.

The graph of an even function is symmetric about the y-axis.

The graph of an odd function is symmetric about the origin.
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Note:

The function is even when  f(—x) = f(x)
The function is odd when  f(—x) = —f(x)

Ex. 9:
f(x) = x?
fx)=x*+1
flx) = x
flx) =x +1

Even function: (—x)?> = x? for all x; symmetry about y-axis.

Even function: (—x)> + 1 = x + 1 for all x; symmetry about y-axis
(Figure 1.13a).

Odd function: (—x) = —x for all x; symmetry about the origin.

Not odd: f(—x) = —x + 1,but —f(x) = —x — 1. The two are not
equal.
Noteven: (—x) + 1 # x + | forall x # 0 (Figure 1.13b).

Linear Functions

Ex. 10:

Power Functions

Ex. 11:

y=3
2 Y73
1_
[ T R
0 | 2
Y oy=2x? Y y=x3 Y oy =yt Y y=x
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H. W.1:

1. Find the domain and range of each function.
a f(x)=1+x?

b. F(x) =+V5x + 10

c. f(t) ==
2. Find the domain and graph the functions.
a. f(x)=5-2x

b. g(x) = /Il
C. F(t) =t/|t]
3. Graph the functions.
_(x 0<x<1
e fe={;_, 1<x=2
4 — x? x=1
b. F ={ <
(x) x? + 2x x> 1

4. Graph the functions. What symmetries? Specify the intervals over which the
function is increasing and the intervals where it is decreasing.
ay=—x3

1

b.y: —;
c.y =+ lx
d.y=x3/8
3
e.y = —Xx2

5. In these functions, say whether the function is even, odd, or neither. Give
reasons for your answer.

a f(x) =3
b. f(x) =x*+1
c.glx)=x3+x
d.h(t) =2t+1
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1.2 Combining Functions, Shifting and Scaling Graphics

Sums, Differences, Products, and Quotients

Like numbers, functions can be added, subtracted, multiplied, and divided

(except where the denominator is zero) to produce new functions. If fand g are
functions, then for every x that belongs to the domains of both fand g, we define
functionsand f+ g, f— g, and f g by the formulas
(f+9)&x) = fx) +gx)
f =) =f(x) —gx)
(fg)(x) = f(x)g(x)

(g) (x) = % (where g(x) # 0)

(cfI(x) = cf (x)
c: constant

Ex.: The functions defined by the formulas

flx) =+/x and g(x) =+1—x , find the following
Sol.:
Function Formula
f+g (f +2)x) = Va+ V1 —x
f-g (f — 9@ = Vx— V1 —x
g—f (g — Hlx) = V1-x— Vx
f-g (f-2)x) = f(x)g(x) = Vx(1 —x)
f f(x) X
f/g g(’f) 2(x) - V1 —x
g _ g(x) _ I =x
c:/f f (’C) f(‘) \f X
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Composite Functions

Composition is another method for combining functions.
DEFINITION: If f and gare functions, the composite function fog
( f composed with g) is defined by
(o g)(x) =f(g(x))
The domain of fo g consists of the numbers x in the domain of g for which

g(x) lies in the domain of f.

Ex:If f(x) =+x and gx)=x+1,find

a. (fog)(x) b. (g°fHx) c. (fof)(x) d. (geg)x)
Sol.:

(a) fw)(r)= r)=\/ — Vx

(b) (g ° f)x) = ((r): 1:\/§+1

© (= N = 10 ):W W x4

(d) (g°g)x) =glglx) =gk)+1= )+ 1=x+2

Ex. If f(x)=x+5 and g(x) = x% — 3, find the following:
a. f(g(0)=x*2—-3+5=x2+2=(0)>+2=2

b. g(f(0)) =(x+5)?%—-3=x%+10x +25—3 = x%+ 10x + 22
= (0)2 + 10(0) + 22 = 22

c. f(g(x))=x*—-3+5=x%+2

d. g(f(x)) =(x+5)>—3=x%+10x + 22
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Shifting a Graph of a Function

A common way to obtain a new function from an existing one is by adding a
constant to each output of the existing function, or to its input variable. The
graph of the new function is the graph of the original function shifted vertically

or horizontally, as follows.
Shift Formulas
Vertical Shifts
y = flx) +k Shifts the graph of f up kunits if £ > 0
Shifts it down | k|units it £ < 0
Horizontal Shifts

y = f(x + h) Shifts the graph of f left h units if 4 > 0
Shifts it right |h|units it A < 0

EX.:

Adding 1 to the right-hand side of the formula y = x2 to get y = x2 + 1 shifts
the graph up 1 unit.

Sol.:

- - -
Il
= =

[T SRS
+ -
— ]

=

| unit
.
J {
2. of |
-1 l 2 units
o

—&

1 x
2

10
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EX.:

Adding —2 to the right-hand side of the formula y = x?to get y = x? — 2 and

shifts the graph up 2 units.

Sol.:
y
y=x2+2
v =2 |
y = x?
y=x2_-2
I unit__
J
ql G "
—& O |\2
- l 2 units
N I
EX.:

Adding 3to x in y = x? to get y = (x + 3)%shifts the graph 3 units to the left.

Sol.:

Add a positive Add a negative
constant to x. _ constant to .x.
< Y >
A
y=(x+ 3)2 y = x2 y=(x— 2)2
1
| | | | > X
-3 0 1 2

11
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EXx.:

Adding —2 to x in y=|x| , and then adding —1 to the result, gives
y = |x — 2| — 1 and shifts the graph 2 units to the right and 1 unit down.

Sol.:

1.6 Inverse Functions and Logarithms

A function that undoes, or inverts, the effect of a function f is called the inverse

of f. Many common functions, though not all, are paired with an inverse.

One-t0-One Functions

A function is a rule that assigns a value from its range to each element in its
domain. Some functions assign the same range value to more than one element

in the domain. The function f(x) = x? assigns the same value, 1, to both of the

numbers —1 and +1; the sines of g and 2?” are both ‘/; . Other functions assume

each value in their range no more than once. The square roots and cubes of
different numbers are always different. A function that has distinct values at
distinct elements in its domain is called one-to-one. These functions take on any

one value in their range exactly once.

12
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y V= x2

\7 ‘)
y y Same y-value

N £ Vi LY
Same y-value
N ﬁ 05| L—\
L, AN

|
0 0 | i N oy
-1 o] 1 T 57 N\
6 6/
y = sinx

(a) One-to-one: Graph meets each (b) Not one-to-one: Graph meets one or
horizontal line at most once. more horizontal lines more than once.

-_

Inverse Functions
Since each output of a one-to-one function comes from just one input, the effect

of the function can be inverted to send an output back to the input from which

it came.

DEFINITION Suppose that f is a one-to-one function on a domain D with range
R. The inverse function /" is defined by

Y b) = a if f(a) = b.
The domain offfl is R and the range offfl is D.

The symbol f~! for the inverse of f is read “f inverse.” The “—1” in f~! is not an
exponent; f !(x) does not mean 1/f(x). Notice that the domains and ranges of f and f !

are interchanged.

Only a one-to-one function can have an inverse. The reason is that if f(x;) = y and
f(x2) = y for two distinct inputs x| and x,, then there is no way to assign a value to (1)

that satisfies both /~'(f(x1)) = x; and f~'(f(x2)) = x».

13
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Ex.: Find the inverse of y = %x + 1, expressed as a function of x.

Sol.:
1. Solve for x in term of y:

1
=—x+1 2
y=5% *
2y =x+ 2 = x=2y—2
2. Interchange x and y: y=2x—2

The inverse of the function is the function f(x) = %x + 1 is the function
f1(x) = 2x — 2.

To check, we verify that both composites give the identity function:
@) =2(Gx+1)-2=x+2-2=x

f(f—1(x)):%(2x—2)+1=x—1+1=x

Ex.: Find the inverse of the function y = x? , x > 0 , expressed as a function
of x.

Sol.:

1. We first solve for x interm y .

y = x? = X = ﬁ

2. Interchange x and y:

y=+x

The inverse of the function is the function y =x? is the function
f71e0) = V.

To check, we verify that both composites give the identity function:

fHfG)) =VaZ = x
F(F00) = (Vx) =«

14
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H. W.2:

1.1f f(x)=x+5 and g(x) =x?— 3, find the following.
a. f(g(0)) b. g(f(0))

c. f(g(x)) d. g(f(x))

e. f(f(=5)) f. 9(g(2))

9. fF(F(x) h. g(g(x))

2. Write formulas for fo g o h :
f=vx+1 , g)=— , h@=:

x+4

3. Give an equation for the shifted graph. Then sketch the original and shifted
graphs together, labeling each graph with its equation.

y=x3 Left1, downl

4. For a function y = f(x), Find a formula for f ~1(x) in each case. As a check,

show that f(f~1(x)) = fF~1(f(x))

1.  f(x)=x*+1 x=0
2. fx)=x3-1

3. f(x)=(x+ 1) x> -1
4.  f(x) = x5 x =0
5. fx)=x3+1

6. f(x)== x>0

X

15
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Limits
Limits:
It is a study of a function (y = f(x)) near a particular point say x,, but not at
Xo-
Properties:
1. limk =k , k is constant

X—a

Ex.: lim5=5

2. chl_rg k f(x)= kglci_r)rcllf(x) =k f(a)

Ex.: lim4x? = 4limx? = 4(2)? = 16

xX—2 xX—2
3. lim[f(x) + g(x)] = lim f(x) + lim g(x)

EX.: lirré(x2 —4x 4+ 3) = limx?—lim4x + lirréS =52-4(5)+3=8
X— X—

x—5 X—5
4. lim[f(x) - g(x)] = lim f(x) - lim g(x)
e I fG =g then  limlfGP = (lmfCo)

n
5. limx™ = (lim x) = q"
xXx—-a X—a

EX.: limx* = 3% =81
x—3

P(x)

6. If f(x) is arational function = 0 where P(x) & g(x) are polynomials

for any real number a
a) If g(a) # 0 thenlim f(x) = f(a)
b) If g(a) =0 thenlim f(x) does not exist.

16
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EX.:
y 2—x B 2-4 -7
i (X —D)(x+2) G-HE+2) 0)6)

Then the limit does not exist.

) lim f(x)
7. lim f _ x=a
x~ag(x)  lim g(x)
Ex - lim 5554 = lim 5x°+4 _S@a .,
h x—2 Xx—3 lim x-3 -1
X—-2
General Rule

1
91C1_r>r611,/f(x = f}lcl_rgf(x =4%L=(L)n
limV6 +x= 1/8=2

xX—2

EXx.:

Ex.: Find the limits of the following function as shown below:

. (x=2)(x+2) .
11 — =] 2) =4
) xlzg (x—2) xl—rg(x +2)
2_ _
2) lim 222 = |jm &) _ )y 245 _ 19
x-5 3(x=5) x-5 3(x-5) x—5 3
3) lim x—1 _ (x-1) _ 1 _ 1
x—1 x2-1 x51 (x-1D)(x+1) x51(x+1) 2
. 2x—4 2(x—=2) _ . 2 _ 2 _ 1
4) }clir% x3-2x2 x93 x2(x-2) T o2 x2 2
: 5x3+8x% x%(5x+8) 5x+8 _ -8 _ -1
5) lim  x50x2(3x2-16)  x—03x2-16 16 2

x>0 3x*—16x2

17
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6) lim (x3 + 4x? —3) =limx3 + lim4x? —lim3 =¢3 + 4c* -3

X—C X—C X—C X—C

. 4 2 . 4 : 2_1;
lim xt4ai-1 )lcl_r)r(l:(x +x2-1) B gcl_r)r(l:x +gcl_r)réx }Cl_rgl _ ctic2_q
xX—c X245 lim(x2+5) limx2+lim5 c2+5
X—C X—C X—C
8) lim VAx? — 3 = \/lirr% (4x2 — 3) = \/lirr% 4x2 — lim3 = /4(2) 3
X— X— xX— g
=16 —3 =+v13
. x%4x-2
9) lim=—=
x—->1 xX°“—X
xZ2+x-2 _ (x-1)(x+2) _ x+2
x2-x  x(x-1)  x
Cox?4+x-2  x+2 1+2
lim————— = lim = =
x-1 x%2—x x-1 X 1
Vx24+100 —10

Ex.: Evaluate lim

x—0 x?

Vx?+4+100 —10 vx?+100 —10 vx?+ 100+ 10 _

x% 4+ 100 — 100

x2 x2

x? 1
~ x2(Vx? +100 4+ 10)  (VxZ + 100 + 10)

VxZ+100+10 x2(vxZ + 100 + 10)

1
— = 0.05

Therefore,

y VxZ +100 — 10 y 1

m = lim = =
x>0 x? x>0 (yxZ+ 100 + 10) (V02 + 100+ 10) 20

18
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) 2412 -4
Ex.: Evaluate lim ¥—="
x—2 xX—2

Vx? +12 —4_\/x2+12 -4 Vx?2+124+4

x—2 X —2 ‘VxZ 12+ 4
x> +12 — 16 x% —4

T - 2)(Vx2+12+4) T - 2)(Vx2+ 12+ 4)

B (x—=2)(x+2) o (x+2)
Cx-2(VxF+12+4) VxP+12+4
Va2 + 12 — 4 2+2 4 1

Trigonometric Functions:

= lim = = = —
X2 X =2 x>2\x2+12+4 V22+12+4 4+4 2

; sin x .
lim =1 , lIim—=1
x->0 X x->0Sinx
. tan x
lim =1
x->0 X
. o1 . .
lim sin == 0 , limsin6 =0 , sin(0) =0
X—00 X 0-0
. sinx 1
sin®x + cos’x =1 tan x = =
COS X cotx
csc?x — cot?x =1
1 COS X
1 + cot? x = csc?x cot x = ==
tanx sin x
sec’x — tan’x =1 cscx =

1 + tan? x = sec?x

Sec x =
cosx

sinx

sin?3x = sin3x.sin3x = (sin 3x)?

19
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EX.:
. Sin3x . sin3x ; . Sin3x
1) lim = lim3 = lim3 .lim =3.1=3
x>0 X x—0 3x x—0 x-0 3x
sin2x . Sin2x
. sin2x : 2x  lim
2) hm . = hm siilggx = Osifljéx'_ =3
x—0 Sin3x x—0 2222 34 lim 3
3x x—0 3Xx
] . tantsec2t
Ex.: Find lim——
t-0 3t
1
sec 2t =
cos 2t
I tan t sec 2t 11_ sint 1 1 1 111 1
1m = —=I1lm . . ==.1.1.1 =—
t—0 3t 3t-0 t cost cos2t 3 3
t4 cosax 4 in3 3x.4 3 3
. cot4x ; ; . cos4x sin3x 3x.4x X
Ex.: lim = lim £&£ = ]im —. ===
x—0 cot3x x—0 —== x—0 €0S3x Sindx 3x.4x 4x 4
sin3x
. tan(x—sinx . tan(x—sinx) x-sinx . tan(x—sinx . X sinx
Ex. lim 220500 _ i 20 ), - =11m¥.11m(—— )
x—0 X x—0 X X—Ssinx x—0 x-—sinx x—0 X X
=1.(1-1)=0
in2 2 sin 2x 2 in2 2 2
. sin2x . - . sin2x
Ex.: lim = lim>5—— = =lim ==.1==
x—0 b5x x—=0 5 5x 5x->0 2x 5 5

20
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The Sandwich Theorem:

It takes its name because it refers to a function f whose values are sandwich
between the values of two other functions g & h that have the same limit L at a
point c.

if gx) < f(x) < h(x)
in some open interval containing c expect possibly at x = ¢, and

lim g(x) = limh(x) = L
X—C X—C

3« h
then limf(x) =L
X—C L_,__.
3
5 1 =
2 2
Ex.:. if 1-Z<u(x)<1+%Z, find limu(x).
4 2 x—0
Sol.:
2 2
since liml1->=1 and liml+>==1
x—0 4 x—=0 2
then  limu(x)=1
x—0
2 . .
Ex.. if 1 -2 <22 <1 find the limit of = as x - 0
6 2—2C0SX 2—2Cc0Sx
Sol.:
2
lim1l=1 . lim1-%2=1
x—-0 x—0 6
then  lim == — 1

x—0 2—-2c0sx

21
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) 1 1 1 . ..
Ex.. if 2 <« 2% <2 find the limit of
2 24 2 2
Sol.
.1 .1 x2 1
lim==- , lim-——=-
x—0 2 x—02 24 2
. 1- 1
then lim —-= ==
x—0 x 2
; sinx x242x-3
. — < <
Ex.. if " +4<f(x) < T
Sol.:
_ sinx _ . sinx
lim x — + 4 =limx — lim
x—0 X x—0 x—0 X x—0

lim
x—0

x—1 0-1

}Ci_r)rcl) fx)=3

x2+2x—3_0+0—3_

22

1—
COSX as x — 0

x2

find lirré f(x) as x—-0

+lim4=0—1+4=3
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H.W.3:

1. Find the limit of

2. Find the limits:;

1. lim7 (2x +5)
xX——

V5h+4 -2

x+ 3
3. lim
x-2xXx+6
. . 4/
5. Jim (5-y)7s
x—5
7 .
}Cl_rg x2 —25
t2+t—2
9 lim

3. Find the limits:

lim (2sinx — 1)

1. x—-0
~ tan3x
3. lim —
x—0 Sin 8x
sin 3
5. lim 14
y—0 4y
. xcsc2x
7. lim
x—0 cos5x
9 1—cos@
' Ry sin 26
sin 6
11. li
91—13(1) sin 260

ath -0 .

10.

10.

12.

ltllré 8(t—5)(t—7)

lim 3(2x — 1)?
x—>-1

3
lim
h-0 \/3h+1 +1
x?4+3x—-10
x+5
. Vx -3
lim
x->9 x—9

x—-5

1+x+sinx

lim
x—0 3cos x

sinv20
V20

tan 2x

1m
6-0

lim
x—0 X

. X+xcosx
lim ———
x—0 SIn X COS X

sin (1 — cost)

lim
t—0 1—cost
tan 6

lim —————
elir(l) 62 cot 360

4.if V5 —2x? < f(x) <V5—x? , find the limit of f(x) as x - 0

5.if 2 —x% < g(x) < 2cosx , find the limit of g(x) as x - 0

6. Prove lim22% —1

x-0 X
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Ch. 3 Differentiation

3.2  The derivative as a Functions

Definition: If y = f(x) ,then f'(x) =—==y" =D, isdenoted the
derivative is defined as

dy y Ay ¢ J
dx = Ax By

f@%;yzggf@+%g—f@) »

Ex.: Find z—z of y=x+5 by definition.
Sol.:
y=fx)=x+5 flx+Ax) =x+Ax +5

dy f@+A@—f@)
e 1m

i /Mm/ A

= lim = llm = lim 1=
Ax—0 M—0Ax  Ax—>0
. dy 5 .

Ex.: Find - of y=x“4+5 by definition.
Sol.:

=f(x)=x*+5 , fx+Ax) = (x+Ax)*+5
dy lim f(x+Ax) — f(x)
dx Ax—0

/+ 2xAx + (Ax)2 -yb/ /7/{ /A/(Zx + Ax)
Ax—>0 Ax—>0
//A(

= lim 2x + Ax = 2x
Ax—0
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dy

Ex.:Find —= of y= Vx by definition.
Sol.:
y = f(x) =+x , fx + Ax) = Vx + Ax
dy . flx+24x) - f(x)
— = lim
dx  Ax-0 Ax
. Vi +Ax —+x . Vx + Ax —vx Vx + Ax ++/x
= Ao Ax = Axso Ax ‘Vx + Ax +x
— i x+Ax—x — | 1 1
- AJICI_T)IO Ax(Vx+Ax+Vx) AJICI_Y)IO Vx+hx+J/x  2vx
(a + b)? = a? + 2ab + b?
(a — b)? = a® — 2ab + b?
(a —b)(a + b) = a? — b? Oz e (o BAN Jalas
Ex.: Find o of f(x) =— by definition.
Sol.:
—()—L (+A)_x+Ax
y_fx T ox-1 ' fx x_x+Ax—1
dy  flx+24x) — f(x)
—= lim
dx sx-0 Ax
x + Ax X x—1Dx+Ax) —x(x+Ax—1)
—limx+Ax_1_x_1—lim x+Ax—Dx—-1
T Ax—0 Ax T Ax—0 Ax
- lim i (x—l)(x+Ax)—x(x+Ax—1)= lim i/+xA4c—x—Ax—/(2—W+x
Ax—0 Ax x+Ax—-1D(x—-1) Ax—0 Ax x+Ax—-1D)(x—-1)
—Ax ~1 1

.1 o _
T R G -DG-D G A —De-D  G+0-DE-1D

B ~1 1
T (x+0-D(x—-1) (x—1)2

H.W.: Find 22 of x+5 by definition.

(a+ b)) = a3+ 3a%b + 3b%a + b3 OmxSa 3 A
(a — b)® = a3 —3a?b + 3b%a — b3
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3.3  Differentiation Rules

Let ¢ and n are constants, while, v and w are differentiable functions of x.

1. ic=0
dx

. d )

Ex.: Find é for the function y =4
Sol.. y" =0

d _4d
2. Zyt =y 1 also,

dx dx

ii—i n-1 _ __ —n—1d_u_ —-n

dxu dxu = nu dx  unti

Ex.: Find % for the function y = (x? + 1)°.

Sol: 2= 5(x% + 1% (2x) = 10x (x? + 1)*

dx

Ex.: Find 2 for the function y = =
dx p x ,
; =x"2 @Y _ 9,3 -2
Sol.. y=x - =2 =

Ex.: Find Z—i’ for the function y = (2x3 — 3x?% + 6x)73
Sol.:

% = —3(2x° = 3x* + 6x)™*. (6x° — 6x + 6)

= —18(2x% —3x? +6x) . (x* —x+ 1)

Ex.. Find Z—z for the function y = 3x?

Sol.:

Y _ 39x = 6x
dx
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u dv

4. —(u+v) d_ . and

d( ToTw) = du+dv dw

dx wrvmw dx dx dx
Ex.: Find Z—Z for the function vy = x*+ 12x
Sol.:

ay _ 4 4y 4 @ — 4.3

dx—dx(x )+dx(12x)—4x + 12

du

5. —(e”) = el

dx

Ex.: Find % for the function vy = e?*
Sol.:

i 2XY — 2xi — 52X — 2x
dx(e )=e .dx(Zx)—e .(2) = 2e

dv du d dw dv du
6. —(u V) =u—+v— and —(uw.v.w)=uw—+uw—+vw—
dx dx dx dx dx dx

Ex.: Find Z—i’ for the function v = [(5 — x)(4 — 2x)]?

sol.: 2 =2[(5 - 04— 20][(-1)(4 - 22) + (-2)(5 — 1)}
= 2[(5 —x)(4 — 2x)][-4 + 2x — 10 + 2x]
=2[(5—x)(4 — 2x)](—14 + 4x)

Ex.: Find Z—z for the function vy = i(x2 + e¥)

d 1 1 x %
Sol.. —y=(—x—z)(x2+ex)+(2x+ex);=2+%—1—z—2
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4 vdu udv
u av_ ., 4v
7. —(—) =M ~where v # 0
dx \v v

(x2+x)(x%—x+1)
J

Ex.: Find Z_Z for the function y =

. x*=x3+x2+x3-x2+x  x*+x  x(x3+1)  x3+1

x4 x4 x4 x3

d_y . x3.(3x2)—(x3+1)(3x2) . 3x2[x3—x3—1] . -3
= = = =

dx x x6 x4

2_
Ex.:Find < forthe function  y = ——
| dx Xc+x—2
Sol.:

dy  (x24+x-2)(2x)—(x%-1)(2x+1) _ 2x3+2x2-4x—2x3-x2+2x+1 _ x%-2x+1
dx (x2+x-2)2 (x%+x-2)2 (x2+x-2)2

.~ Find & - _z, 4
Ex.: Find -= forthe function y =—+—

Sol.. y=2x"1+4+4x3

dy _ .2 —4 _ 2 12
= 2x 12x™* = = A
. Eind & i _Lz2_2,.3
Ex.. Find —= forthe function y=—-—+—
Sol.:
y =12x"1 — 4x73 + 3x~*
WY _ _qox2 —4_qp 512,12 12
v 12x7° + 12x 12x™ = 2 T a5

H. W.: Differentiate the following powers of x.

L x? 2. x/3 3. xV2

4.2 5. x /3 _ -1
x4 6y_t3+1

T.y=x3+3x2—5x+1 8.y =ux*—2x"+2 9.y=e""

10,y = EDE 20
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Higher Derivatives

fx)= d—y =y 1t Derivative

f(x) = —i 2" Derivative
fx) = —}3’ =y 3" Derivative
frx) = d—y n-th Derivative

Ex.: Find the third derivatives of the following function

—_— 3
y x X
Sol.
dy -1 1 . 1 -1 3x2 -1 3 -1 3 1
_—=— — 232 = — = —_ = — — 2
i xz TP =g o= i ALl 1C)
dy —(-2x) 3 1 2 3
y_=( )+_(x)__:_ 3
dx? x4 4 X3 4x
dy -6 3 -3 -6 3
T3= g =g
dx X 8 X 8vx3
H. W.: Find the first and second derivatives.
— 2
Ly=-—x"+3 2.y=£—x+28
3.y = 6x* —10x — 5x~2 4_y:x3+7

5. If y=xsinx find y”
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3.6  The Chain Rule

Suppose that vy = g(t) and x = f(t) then

dy
dy _dat dy dt

dx dx dt ~ dx

dt
: . dy .
Ex.: Use the chain rule and find d—z in terms of x and y.
2
1. y= tztﬂ and t=v2x +1
Sol.:
dy (t? + 1)(2t) — t2(2¢) B 2t(t? + 1 —t?) 2t
dt (t2 +1)2 (2412 (t2+1)?
dt 1 -1 1
—==-R2x+1)7.(2) =
x =B D@ V2x + 1
dy dy dt _ 2t 1 _ 2V2x+1 1 _ 1
dx dt'dx (t24+ D2 V2x+1 (@x+D+1)2 V2x+1 2(x + 1)2
or _ 2 _ 2 _ 2 . 1 _ 1

T (2x+2)2  4x2+8x+4  4(x2+2x+1)  2(x2+42x+1)  2(x+1)2
2. y= t21+1 and x=v4t—1
Sol.:
x2=4t—-1 - 4t =x%+1 - t=x24+1
dy (t*+1)(0)—(2t) -2t
dat (t2 + 1)2 —(t2 4 1)2
dr L yiaoi 1 2
dt 2 O 2Vat—1 Vat—1
dy dy dt -2t NAa-1_ (x*+1) -—-xy*(x*+1)
dx _dt'dx (e2+12 2 V¥4 T 4
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_ (-2 1 _
3. y= )2 and x=5-1 at
Sol.:
dy (*+1.2.6-D1D) - (*-D.2.(t+1).(D)
dt (t + 1)*

_2(t+D)(E-D[t+1-t+1]  4(t-1) dy _
B (t+1)* O (t+1)3 dtle=p ~

dx _ -2 ) _ -2 _-2_ -1
dt ~ t3 dtlemy — (23 8 4

dy 4
dy_dt =2 27 _—16
dx dx) -1 27

dt t=2 4‘

1 1
4, y—l—; and t—E at
Sol.:
ay _ 1 a _ o C)2(—1) = L
=% = EDA-0TED =
dy dy dt 1 I 1 1
dx dt'dx 2°(1-x)2 , 1 \¢ (1—x)2
(1 —x)

d d dt
D E —q1=1
dx dtle—, dxl,—,

t=2
42-1) _ 4
Q+1)3 27
X =2

H. W.: Use the chain rule and find Z—Z in terms of x and y.

1. y=6t—9 and t=%x4
2. y=sint and t=3x+1
u
3. yz(g)+7 and u = 5x — 35
1 1
4, y=1+ (;) and U=
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3.7 Implicit Differentiation

If the formula for f is an algebraic combination of power of x and y. To calculate
the derivatives of these implicitly defined function, we simply differentiate both

: . : : , _ d
sides of the defining equation with respect to x. Where y" = d—z.

Ex.: Find % for the following functions:

a.  x?y?=x%+y?
Sol.:
2xy% +2yy'x?=2x+2yy

2x%yy —2yy =2x—2xy* = 2y(x*y-y)=2(x—xy?)

, x—xy?
S xly -y

y

b. (x+y)¥+x—y)>=x*+y*

Sol.:
3x+ )’ +y) +3(x —y)*(A—y) =4x> + 4y3 y’

B3(x+ )2 +3y(x+y)2+3(x —y)? =3y (x —y)? =4x3 + 4y3 y’
3y (x+y)* =3y (x—y)* -4y’ y = 4x> = 3(x + y)* — 3(x — y)?

, 4x° = 3(x +y)? — 3(x — y)? B 2x° — 3x% — 3y2
Y T34y —3—yi-4y  6xy—2y]
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x=y
o =2 at  P(3,1)
Sol.:
(x=2)A-y)—(x—y)A-2y) 0
(x — 2y)? -

(x=2y)-y(x-2y) —(x—y)+2y(x—y)=0

V2 =y) = (x=2)] = (x —y) — (x = 2y)

,  X—y—x+2y Yy
y_Zx—Zy—x+2y_x
: y 1
y G~ T3

d xy+2x—-5y=2 at P(32)
Sol.:
y+xy +2—5y"=0

YOG —x)=y+2

2+2 4

V@2 = T35 2
H. W.: Use implicit differentiation to find Z—i’.

1. x*y+xy*=6
2. 2xy+y*i=x+y
3. x%(x—y)* =x?—y?

10
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Trigonometric Functions

If u is any differentiable function of x then
d . du
1. —sinu=cosu—
dx dx
d ; du
2. —cosu = —sinu—
dx dx
d du
3. —tanu = sec?u—
dx dx
d du
4, —cotu=—csc’u—
dx dx

d du
5. —secu =secutanu—
dx dx

d du
6. —cscu = —cscucotu—
dx dx

. d : :
Ex.: Find d—z for the following function y = tan(3x?)

Sol.:

d
é = sec?(3x2).6x = 6x sec?(3x?)

.. d : :
Ex.: Find d—y for the following function y = tanxsinx

X
Sol.:

sinx sin’x
-sinx =
COS X COS X

y =tanxsinx =

dy 2 cos xsinxcosx + sinxsinx

dx cos?x
. .2 . . .2 .
2 cos’xsinx + sin“xsinx 2cos’xsinx Sin“xsinx
= 2 = 2 + 2
cos?x cos?x cos?x
sin?x

= sinx (2 + tan’x)

= 2sinx + sinx 5
COS*X

11
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. d . .
Ex.: Find d—z for the following function y = 2sin> — x cos’

Sol.:
dy ) x 1 l X ox 1
— =2c¢c0s = *=—— |cos=— xsin = —
dx 2 2 2 2 2
X X N X X X X
= C0S— — COS— + =—sin— = =sin—
2 2 2 2 2 2
. . d 2 du
EX.: Prove that: — (tanu) = sec“u—.
dx dx
Sol.:
sinu
tanu =
cosu
d cosu cosud—u+sinu sinud—u
Z tanu = dx dx
dx cos?u
du .
Tx [cos?u + sin®u]
B cos?u
. _ 1
Since, cos’u+sinu=1  and secu =
cosu
d . 5 du
—tanu = sec“u—
dx dx

12
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H. W.:
1. Prove that:

d du
a). —(secu) =secu.tanu —
dx dx
d du
b). —(cscu) = —csc u.cotu —
dx dx
d
C). — secx =tanxsecx
dx
d
d). — cscx = —cscx.cotx
dx
d 2
e). —cotx = —csc*x
dx
d .
f). —sinx = cosx
dx

) 2 cosx = —sinx
9). dx '

2. Use implicit differentiation to find %.

a). y=sinx3 f). y=x2sinx

b). vy =.sec(3x2) g). y = 2sin? 3x

c). y=-cos(x3+1) h). x + tan(xy) =1
d). y= % + %COSZZx ). x? =siny + sin2y
). y= Cojx ). e** =sin(x + 3y)

13
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The inverse trigonometric functions

If u isany differentiable function of x , then:

1) Lgin~ly=——_2 , —-1<u<1
dx 1—u2 dx
2) LeosTly=—2 , -1<u<1
dx 1—u2 dx
3) Ltanly=—%
dx 1+u“ dx
4) Leot~lu = _12d—u
dx 14+u= dx
5) Lsecly=—b 2 , lul > 1
dx || u2—-1dx
6) L escly=—"~L & , lu| > 1
dx |u| u2-1dx
EX.: Find Z—z in each of the following functions:
_ -12 -1x
a). y = cot ~ttan” -
Sol.:
dy —1 -2y, 1 1
dx 22 (x2> x\2 2
1+ (%) 1+(3)
I 1 1 2 1
T e x2 2 - 244 4+x2
EEMER RS
2 1 2 N 2 <
Cx2+4 x2+4 x2+4 x24+4 x2+4
2

14
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— gin~1 %
b). y =sin 0
Sol.
dy 1 _(x+1).1—(x—1).1
dx x — 1\ 2 (x+1)2
Jl_(x+1)
_ 1 _x+1—x+1
[+ D2-(x-12  (x+1)?
(x+1)2
(x+1) 2 1 2 1

TVt l-xErax—1 G+D? Vax (x+ 1D Jx(x+1)

). y=xcos™!2x—24/1— 4x

2

Sol.:

d —1 1 —8

dx 1 —4x2 4 V1-4x2

T2 4 cos12x 42X -1
= ——— +C0S™ ' 2X + ———==cCo0s ' 2x
V1 — 4x? V1 — 4x?

d). y=seclox

Sol.:

dy 6 1

dx  |6xV36x2 =1 |x|V36xZ — 1

Examples:  Prove that:

d -1 1 du
a) —sinTTu= —
dx 1—u2 dx
Sol.:
- . —TT s
y =sin"tu : siny =u , — Sys7
dy du 2 2
cosy — = — , cos“x =1 —sin“x
y dx dx
dy 1 du _ 1 du 1 du

dx Cosydx F 1-sin2y dx T F/1-u? dx

- —T1T T - .
Since - Sy < >+ cosy Is not negative.
a 1 du
Hence, cosy =+V1—u? & au
dx 1—u2 dx

15
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d _ 1 du
b) —tan"lu = —
dx 1+u? dx
Sol.
_ -1 T
y =tan"lu , tany=u , — Sy<s3
d tan v = du
dx Y= dx
d du
secly 2 =22 , sec? x —tan®x = 1
dx dx
dy 1 du _ 1 du . dy 1 du
dx  sec’ydx  1+tan?ydx o dx  1+u? dx
d _ 1 du
c) —seclu=——=—
dx [ u2-1dx
Sol.
y =sec tu , 0<y<m
u=secy

du _ secy tan 4y
dx y ydx

dy 1 du

, Where tany = +./sec’y—1=+Vu?-1

dx secytany dx

dy 1 du 1 du
dx  u(FVuz-1)dx |u|vuz-—1dx

1 +tan?x = sec?x = tan?x =sec?x—1

16



Dr. Saad Zahraw Sekhi

Mathematics

H. W.:

1.Find &
dx

a. sin [cos‘l(\/z—i)]
b. tan [Sin‘l(%l)]

csc[sec™1(2)] + cos[tan™1(—V3)]

2. Prove Lcos 1y =— . %
) dx vi—uZz  dx

d _ -1 du
3. Prove —cot™tu=—-—.
dx 1+u dx

d _ -1 du
4. Prove —csc luy=—— - — .
dx uvu?2-1 dx

17

Y in each of the following functions:
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Exponential function:
If a is a positive number and x is any number, we define the exponential
function as:

y=a
With Domain —co<x <o Range y >0
The properties of the exponential are:

DI a=0 = a*=0

2) a*-a¥ =a**Y

3) Z—; =a*™Y

4) (@) = a*?

5) (a-b)* = a*-b*

6) Va* = agz (%)x

_ 1 1
7) a = P and a* = T
8)a*=a" = X=y
Na’=1 , at=a , a®*=wn |, a‘°°=a%=é=0
Examples:
1. x%2-x5=x7 6. x 3 == and  x%=—
X X
x? 0 1
2 —:x2_5=x_3 7 X =1 and X =X
x5
3. (x3)? =x°® 8. x* =o
4. (xy)3 = x3y3 9. x™*=0

5. x5 = %2 = (V%)

18
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Logarithms function:
The definition of the logarithm function, if a >0 & a+1 and x>0
then,

y =log, x Is equivalentto a¥ =x
In this definition y = log, x is called logarithm form and a” = x is called
exponential form.
The properties of the logarithms,ifa >0 & a#1, b>0, c>0andn
any real, then:

1) log,(b.c) =log, b +log,c

b
2) log, (Z) = log, b —log, c
3) log,(b™) = nlog, b

Ex.:
10g10 100 - 10g10 102 - 2 10g10 10 - 2

4)log, (%) = —log, c

EX.:

loglom — 10g10 10_3 - _3 10g10 10 - _3
5) log,o(u + v) # log, u +log, v
6) log,a =1
7)log,1=0

19
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The natural logarithm function is defined by
y =log,x =Inx
Where y = In x is equivalentto x = e”. Let x,y > 0 then the properties of
natural logarithm functions are:
Ny=a* =2>x=log,y and y=e = x=Iny

2) log,x =Inx

3) log,x = Inx

Ina
4) Inxy =Inx+Iny
5) ln§ =Inx—Iny
6) Inx" =nlnx
7) exlna — 4x

8) elnx — 4 , e—lnx — al08a* — y

Rlr

9) lIne=1 and [n1=0
1

In—-=Inet=-1
e

20



Mathematics Dr. Saad Zahraw Sekhi

Derivatives of Exponential Functions:

d du
1. —a¥*=a%lna—

du dx
2, Leu=eud
du dx
1du
S WU =05
. d . .
Ex.: Find ﬁ for the following functions:

a). y=23% = Z—z = 23%(In 2).3

. y=2%3% = Z=6*me1 (a.b)* = a*.b*

dx_

Q). y=0%2 = y=2% o Z=2%(n2). 2! = 2241 In2

d). y = x. 2%° = Yy 2*°In2(2x) + 2*%°

dx_

e). y = e¥+e™) o Z—z = e¥**e”™ (1 4 5e5%)

1
V1+5x2 — _(1+5x2)2
= y=e

fly=e
1
d 2\2 (1 -1
ﬁ = e(1+5x%)2 (E) (1+ 5x2)z.(10x)
— e(1+5x2)%_5—x
V1 + 5x?
Notes:
logax::;l—:l : Ine=1 , %lnlOzO
Ex.: Find Z—i’ for the following functions:
1). y=logne”
Sol.:
— x1 N _ Ine  x dy 1
Yy =X10810€ Y =Xt Into dx ~ In10

21
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2). y=logs(x+ 1)2
Sol.:
y=2logs(x+1) =2

In(x+1)
Ins

2
s 11’1(36 + 1)

v_2 1 __ 2
dx In5 (x+1) - (x+1)In5

3). y=log,(3x%+1)3
Sol.:

2
y = 3log,(3x2 + 1) = 32+

dy _ 3 6x _ 18x
dx 1n2(Bx%2+1) (3x%2+1)In2

4). y=[In(x?+ 2)?]3

Sol.:

Y = 3[2n(e? + )P () = 220l
5. y+hxy=1

Sol.:

y+Inx+Ilny =1 = Z—i’ i %Z_i’z
21+)=% = E%5
H. W.:

0

Find the derivative of y with respect to x, t or as appropriate:

1) y=e>7* 5) vy =ef(sinf + cosH)
— -t _ ef

2) y=In3te 6) y—ln1+ee

3) y = xeX — X 7) y = e(cost+int)

4)  y=(x?-2x+2)e* 8) Iny=eYsinx

22
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Hyperbolic Function:

. X_,—X Xypo~X
1. sinhx = Z==2 4. cothx = e_
2 eX—e™X

eX4+e™* _ 2

2. coshx = > 5. sechx = ——
e¥—e™* _

3. tanhx = —— 6. cschx = ——

Ex.:  Simplify:

1). cosh 5x + sinh 5x

Sol.:

cosh 5x + sinh 5x = esxze_sx + esx_ze_sx = 2e25x = >

2). 2 coshlnx
Sol.:

2 coshlnx =2(

elnx_l_e—lnx

-1 _
. )=elnx+elnx =x+x!

Note: elnx — 5

3). (sinh x + coshx)* =

Sol.:

(ex—e_x e"+e"‘)4 _ (ex—e_x+ex+e_x
2 2 o 2

)4 — (ex)4 — %X

4). In(cosh x + sinh x) + In(cosh x — sinh x)
Sol.:

eX+e ™ eX¥—e™X eX+e ™™ eX¥—e™¥
= In + ) +In( - )
2 2 2 2

eX+e *+e*—e™* eX+e ¥ —e*4+e*
n( 2 )Hn( 2 )

2e %

. =hne*+ne*=x—x=0

= lnzzix+ln

23
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Derivative of Hyperbolic Functions:

If u is any differentiable function of x then:

d . du d du
1. —sinhu = coshu— 4. —cothu = —csch?u—
dx dx dx dx
d . du d du
2. —coshu = sinhu— 5. —sechu = —sechutanhu—
dx dx dx dx
d du d du
3. —tanhu = sech?u— 6. —cschu = —csch u coth u—
dx dx dx dx

Hyperbolic lIdentities:

1. cosh?x —sinh®x =1 6. sinh?x == (cosh2x — 1)
2

2. tanh’x +sech’x =1 7. cosh?x = = (cosh 2x + 1)
2

3. coth?x —csch?x =1 8. coshx + sinhx = e*

4. sinh2x = 2sinhx coshx 9. coshx —sinhx =e™*

5. cosh2x =cosh? x + sinh? x

EX.: Find Z—z for the following functions:
1). y=(x*+1)sechlnx
Sol.:
2(x2+ 1)

— 2 — 2 — —

y=(x +1)elnx+e_lnx—(x +1)x+1_ 21 = 2x
X X

_ ay _

y = 2x , = 2

2). y = xsinh2x — %cosh 2x
Sol.:

d 1
% = x cosh 2x.(2) + sinh 2x — 5 sinh 2x.(2) = 2x cosh 2x

24
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EX.: Prove that:

d du
1). —tanhu = sech® u—
dx dx

Sol.:
d tanhy = d (sinhu) B coshu coshu — sinhu sinhu du
dx anfiu = dx \coshu/) cosh?u dx
_ (cosh?u — sinh®u) du
B cosh? u dx
Since cosh?u —sinh?u=1 & sechu=
coshu
tanhu = sech?u 2
T anhu = sec udx
2). 2 sechu = —sechu tanhu 22
dx dx
Sol.:
d h _d 1 _—sinhu du_ canth h du
dxseC u= dx coshu  cosh?2u dx anhusechu dx
H. W.:

1). Simplify the following functions:
a). sinh(2 Inx)
b). cosh3x —sinh 3x
c). 2 cosh(lnx)

2). Find Z—z of the following functions:
Q). y=6 sinhg

b). y =2+v/xtanh+/x
c). y =In(sinhx)

25
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The invers Hyperbolic Functions:

If u is any differentiable function of x then:

d 1 du d 1 du
1. —sinh™lu = — 4. —coth™lu= —
dx Vi+u? dx dx 1-u? dx
d 1 du d 1 du
2. —cosh™lu = — 5. —sech™lu=-— —
dx vu2-1dx dx |lulv1i—u? dx
d 1 du d 1 du
3. —tanh lu= — 6. —csch™tu=— —
dx 1-u? dx dx |u|v1i+u? dx

Ex.: Find Z—z of the following functions:
1). y = cosh™!(secx)
Sol.:
dy 1 . 1 .
— = secx tan x = secx tan x =secx
dx Jsec?x —1 Vtan?x
1+ tan®x = sec?x
2). vy = tanh '(cosx)
Sol.:
dy 1 (—s )_—sinx_
dx  1—costx: X T gmeyx T TS
sin?x + cos?x = 1
3). vy = coth (secx)
Sol.:
dy 1 sec x tan x
E = msecxtanx = m = —(CSCXx
4). 'y = sech™!(sin 2x)
Sol.:
dy 1 2 cos 2x 2 cos 2x

dx sin 2x V1—sin?2x

= 2csc2x

2cos2x = = —
sin 2x Vcos22x Sin2x cos2x

26
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EX.: Prove that:
d -1 _ 1 ﬂ

1). — cosh™ u = ——

Sol.:

Let y=cosh™lu = u=coshy

d . d d 1 d

= =sinhyZ2 = ZX=_=

dx dx dx sinhy dx

Since  cosh?y —sinh?y =1
u? —sinh?y =1 = sinhy=+vu?-1
dy _ 1 du 4 cosh-1y = L
dx  VuZ—1dx = dx cosh™y = vu2-1dx
d _ 1 d

2). —tanh'u = =
dx 1—u? dx

Sol.:

Let y=tanh™'u = wu=tanhy
du d d 1 du
Z—sech?y? = Z= =
dx dx dx  sech?ydx

Since  sech?y+tanh?y =1
sech?y +u? =1 =  sech?y =1 —u?
dy _ 1 du 4 aph-ly = L&
dx  1-u?dx = dx tanh y= 1-u? dx

27
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Definite Inteqgral

f; f,(x)- dx = f(x)lz =f(b)—f(a) , a&hb areConstant

EX.:

) 52 2 3

J; 3x2.dx=3?| -3 = @°-(1)P=8-1=7
1 1

Properties of Definite Inteqral:

1 [ f(x).dx =0

2
2
Ex: [fxdx=Z{ =2-2=0
212
2. f;f(x).dx = —fbaf(x).dx 3 gaall ld

EX.: f23x3.dx = —f32x3.dx
1
3. [0 FGO.dx = [ f ). dx + [7 f(2).dx
b b
4. [ kdx=kx| =k®-a , k Constant
d

13
Ex: [, 4.dx=4x] , =413 -3) = (4)(10) = 40

5. [, [f() + g()].dx = [ f(x).dx 1 [ g(x). dx
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Ex.: If we have

[fe)ax=12 &  [212f(x).dx = 48
Find f019 £(). dx

Sol.:
16

f F(X).dx + (=) 1]6 12f (x). dx

0

flzf(x)dx— ff(x)dx—

116 f(x).dx = —4

16

jf(x) dx + (— )lef(x) dx—j 12.dx + (— )j(4) dx

0

16 19
=12x| —4x| =12(16—-0)—4(19—-16)=192-12 =180
0 16



Mathematics Definite Integral Dr. Saad Zahraw Sekhi

2x , 0<x<?2
Ex.: If f(x)={xz_|_1 2<x<3

Find [ f(x). dx

Sol.:
2

3 3
Ojf(x).dx=J2x.dx+2j(x2+1).dx

0

O i Y [ I ey

T2 3+x__+3+_3+]
0 2

S LA 2]—4+[19+1]—4+19+3

B 3 3 B 3 B 3
22 12422 34

Aty =5 =3
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Inteqral Applications

Lo ol iniall chnd dalisall sl Lgie ccilalisall slagl ga JolSil) & claplaill aaf e *
iy inie o le sl cpinie g le ol (3 51 ) Sslaall ol st g

1. Area between curve and x — axes:

y - axes
x=b A f(x)
A= [_ f(x).dx N /
X =a X =b i’
2. Area between curve and y — axes:
y=b -
A=V f).dy R
A
<« f(y)
y=a
—————————— X-axes
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Ex.: Find the area of the region bounded by 7y = 3x — x?> and
the x — axes.

Sol.:
A ) sl i g 5l I (simya)
Sl Ja 3 JalSll 3 gas G D Al sy 1
y - axes
X | y=3x—x* A s
-2 - 10 Yoo
1 4 v
0 0
1 2 0 5 X-axes
2 2 ’
3 0
4 - 4
5 - 10
y=3x—-x?=x(3—-x) — x=0 x =3
j(Bx—xz) dx—lB———]
0% (0 27 27
B S I OSROR ) R

= 4.5 unit?
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Ex.: Find the area between y = 2 — x? and the line y = —x.

Sol.:
(Ll Jel&all 3 gan e |y i (JSE am i Loie
(blail) s e Jpandlanll (e s 3
y =2—x?
If x=0 = y=2 e
x=1 = y=1
x=2 = y=-2
x=3 > y=-— Line
x=-1 = y=1
x==2 = y=-2 y=2-x*
x==3 = y=-7 X-axes
y=—x (Plot line) !
Ifx=0 = y=0 y=-X
x=1 = y=-
x=2 = y=-2
X = => y=-
x=-1 = y=
XxX=-2 = y=
x=-3 > y=

qurai| Ry ng\.uu ¢ Jalal) 2 gas Ay s Al 43.1).1:: Sl *

2—xt=—-x = x*-x-2=0 = (x+1Dx-2)=0

=—1=a ", xX=2=Db
b 2 9
A= j[yl(x) —y,(x)].dx = J[Z—x2 +x]%,.dx =3

a -1

= 4.5 unit area.
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Ex.: Find the area of the region bounded by 7y = x3 + 5x2 + 6x
and the x — axes. A

Sol.: y = x3 + 5x% + 6x

— .3 2
y =x°+5x°+ 6x
3/\ —> X-axes

= x(x? 4+ 5x + 6) A
=x(x + 2)(x + 3)
x=0 , X =-—2 ) x =-3

A=A, +A4,

, , ! 53 x2] 74
A = f(x + 5x“+6x).dx =|—+5—+6
473 2],

— —72)3 —72)2 — —2)3 _2)2
zl( 2)* s (727 L ( 2)]_(3)4+5( 3)° 6l 3)]

4 * 3 3 2
A1=i unit area.
12
3 x21°
|A,| = f(x + 5x2 + 6x). dx—[—+5?+62 2

(-2)*  _(=2)°  (=2)°
— +5 3 >

@ 07  (0)°

|A,| = 3 unit area.

8 37
A=A + 4, =E+§=Eunltarea
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H.W.: Find the definite integrals for the following functions:

1.

7.

10.

13.

16.

19.

21.

flx/E.dx

f (—2x+3).dx
1

fgt—8 it
. vt

2
]\/x+3.dx
0

2x 0<x<1
It f(x)z{z 1<x<?2

Find [ f(x).dx

_(1+x 0<x<1
It f(x)_{—x+2 1<x<?2

Find [ f(x).dx

If f(x) =
{xz—l —-2<x<1
x—1 1<x<3

Find [2, f(x).dx

Find the area bounded by y = x?

y=2-—x

n=x

5.

8.

11.

14.

17.

20.

B=2—=

f (x +x?) .dx
0

f (x? — 2x) .dx
-1

24 2
[E-2)
AV

3. f' 1
1V3x+4

6. f' 1
1 V5X—1.

dx

dx

9. box 4
fox+3' *

/3 12. 1+x x <0
j- (1 —sin@).d6 If f(x):{Z—x 0<x<?2
0 3
E X =2
Find [° f(x).dx
(1 0<x<1 15. 1 1
Iff(x)_{_3 1<x<?2 If f(x):{xz 2SX<1
Find [250c).d Vi 1<x<2
In X).ax
0 Find [ f(x).dx
_(x 0<x<1 18 _(—x 0<x<1
it 760 = {7 1<x<2 treo={T . 12x24
Find [ f(x).dx Find [ f(x) .dx
If  f)=
{\/E 1<x<4
2x>—6x 4<x<5
Find [ f(x).dx
& 22. Findthe areaboundedbyy = x* &

y=4
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23. Find the area bounded by y = —x? — 2x 24. Find the area bounded by y = 3x — x? &
& y=x2%4 y = 2x3 — x? — 5x

Z T y=3x—-x*
¥
: 3 ]
— H I 1 7 : s 57

-2

[R——

y=2x>-x?-5x

<
]
=
N
|
a/éf_--.

25. Find the area bounded by y = x3 — 5x 26. Findthe areaboundedby y=x? &
& y=3x-—x3 y=x+2

y=x3-Sx

27. Find the area bounded by y = x3 & 28. Findthe areaboundedbyy =x3 & y=x

y = —x in period [—2,0]

4 P(1,1)
P(2.2) - y
y=-x % X
-1,-1)

29. Find the area bounded by y = 2x — x? 30. Find the area bounded by y = 5x —x3 &

& y=0 y=0
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31. Find the area bounded by y = x3 — 3x 32. Find the area bounded by y = x3 — 6x &

& y=x y =—2x

10
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Indefinite Integral

Y ilen) Aual) Alenll a saaaall pe JalSHl
el =36 I (integral constant) C —awiai o) cang 2asall pe JalSill & -4da

Properties of the indefinite integral

Rule. 1: jkdx:kx+c ¢ = integral constant
K = number
EXx.:
1 [4dx=4x+c 2. [mdx =mx+c
dx 1 1 1 1
3.f;—f5dx—5x+c 4.f§dm—§m+c

Rule. 2: xntl
fx” dx = +c

n+1
EX.:
1. fxzdx=%x3+c
1 2,1
2. fx—zdx—fx dx=—+c=—+c
3 1 x% Si
3. JVxdx=[x3dx="F+c=2x3+c
3
1 __3 x_Tl -2
4, f\/—_gdx=fx2dx=_—1+c=ﬁ+c
x R

2
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(ax + b)™*1

m+ D@ ¢

Rule. 3: j(ax + b)) dx =

ool Jalsdsiiae Jid g
Ex.:

_ 3 _ (1—2.X')4 _ —_1 _ 4
1. (1 —2x)3 dx = oy TC= (1-2x)*+¢

2

1 _ _ (x—1)3 _ 3, 4y:
2. fmdx—f(x 1)3d —()(1)+c_2(x 1)3+c

Rule. 4: jK*f(x) dx = Kjf(x) dx A (A sy o

EX.:
3 3 x 1,4
[2x3dx=2[x3dx=2=—+c=>x*+c
4 2

Rule. 5:

[1re0 F g0 1dx = [ rdx T [ gax

CJH\JC“‘AJ‘L;—“B@M\ AT PR S
Ex.:

1. [(x? +6x —3)dx = [ x?dx + [ 6x dx — [ 3dx

=§x3+3x2—3x+c

2. f(x6+x—13—W dx—f(x +x73 xg) dx
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EXx.:

7
3. 1 5 2z 7
1. [Z \Edx=fx2-x2dx=fx2dx=¢+c=%x2+c
2

2—4 (x—2)(x+2) 2
4.f(x )dx=f(%)dx=f(x+2)dx=%+2x+c

1 . 1 . . -2
5| e “= I e =1 3)2dx J G +3)7 dx

(x+3) -1 —1
(= 1)(1) x+3
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;z\ag.d\ laUaial) g'a-.\

1 1 sinx
secx = —— . cscx = —— tanx =
cosx sinx cosx
1 COSX
cotx = = —
tanx  sinx
sin?(x) + cos?(x) =1 , tan®(x) = sec®(x) — 1
cot?(x) = csc?(x) — 1 , sin(2x) = 2sin(x)cos(x)

cos(2x) = cos?(x) — sin®(x) = 2cos?(x) — 1 =1 — 2sin?(x)

Rule. 6:

jsin(ax + b) dx = -

—cos(ax + b
( )+c

sin(ax + b
( )+c

f cos(ax + b) dx =

a
tan(ax + b
fsecz(ax+b)dx= (a )+c
—cot(ax + b
fcscz(ax+b) dx = (a ) +c
sec(ax+ b
fsec(ax + b) - tan(ax + b)dx = ( - ) +c
—csc(ax+ b
f csc(ax + b) - cot(ax + b)dx = (a ) +c
43N0
.CSC = daii i Laila cot y .sec — s yi Lol tan
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EX.:

1. [(sinx — 3cosx) dx = — cosx — 3sinx +c

2. [ cos(3x — 1) dx w+c=1§5in(3x—1)+c
sec(2x)

3. [ sec(2x) - tan(2x)dx = +c = —Sec(Zx) +c

4. [ sin?(x) + cos?(x) dx = fl dx =x+c

secx
5. J— dx = [ secx secx dx = [ sec? x dx = tanx + ¢

6./ —

dx = [ 5 csc? x dx = 5(—cotx) + ¢ = —5cotx + ¢

sin?x

7. [ cos(x) - tan(x)dx = fcosx%dx = [ sin(x)dx = —cosx + ¢

8 fcos3(x)—5 dx = fcos3(x)—5 dx = f (0053(x) 5 ).dx

1-sin?(x) cos?(x) cos?(x)  cos?(x)
= f(cos(x) -5 Secz(x)). dx = sin(x) — 5tan(x) + ¢

9. [ tan®(x)dx = [(sec®*(x) — 1) dx = tan(x) —x + ¢

10. [ cot?(x)dx = [(csc*(x) — 1) dx = —cot(x) —x + ¢

f 1 d _f 1 sin(x) _f 1-sin(x)

" 14sin(x) X = 1+sin(x) 1-sin(x) X = 1-sin2(x) X
1—sin(x 1 sin(x

[ _ sin)

cos?(x) cos?(x) cos?(x)

= j(secZ(X) — tanx - secx) dx = tan(x) — sec(x) +c

plaall (38 ya (8 yuai -
dall b claaial I sl 6 pdle Jola aa 68 Y Ladie -

5
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(ax+B) (k)(ax+b)
N k ax d — —+
Rule. 7: j( ) X @ - Ink C
e(ax+b)
f e(@x+h) gy = +c
a-lne
oedll Jala dsiie Jia g
lIne=1
Ex.:
Ax+5 . (2)4x+5
1. [(2) dx =———+c
2.  [e*dx=e*+c
(2—-5x)
(2-5x) ¢
3. Je dx = ———+c
X . X _ x _ (2e)*
4.  [2%-eXdx=[(2e)* dx = inze

el (B g 58 e el et (S () udl] () (0 pain Aglae 355 2ie tAdaa e
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Rule. 8: j;g; dx = In|f(x)| + ¢

Ll N o Jalsalle calaal) daiia g Javall () 5 Ladie *

Ex.:

1. [xlax =fidx = In|x| + ¢
4 1
2. [ode=4[-dc=4nlx|+c

3. fidx=2fx—12dx=2ln|x+2|+c

x+2

2x

4. fx2+5dx=ln|x2+5| +c

X _1 2x _1 2
5. Jogdx=5[ S zdx=5;nlx*+5]+c

2 1 4 1
6. [ gdx=3) —de=3nl4x+2]+c

7. [tan()dx= [ g =— —S) 1y = —In|cosx| + ¢

cos(x) cos(x)

= In|secx| + ¢

. 1 __rcos(x) . .
8. [ cot(x) dx = ftan(x) dx = [ snee, X = In|sin(x)| + ¢



Mathematics

Indefinite Integral

Dr. Saad Zahraw Sekhi

H.W.: Find the indefinite integrals for the following functions:

1.

4.

7.

10.

13

16.

19.

22.

25

28

31.

34.

()
[ 20-as
f(e+2)

J(x2 + cosx) - dx
' J(x3/2 +x3/5) - dx

J tan®x - dx

x2—2x+1

Vx
fge2-De
)]
' f(ex+e‘x)2-dx
J72x_3€—5x.

Jx2+2 4
1+ x2 x

dx

dx

5.

8.

11.

14

17.

20.

29.

32.

35.

fcos(Zx) ~dx

f 3vVx - dx

J G+ )-a
jsecz(x —1)-dx

j 1
x+1

-dx

[6+5) o

' f(\/} + 2cscx) - dx

'f(\/x+1—\/x+2)-dx
(x+1)?%-1

f( (x + 1)° )'d"

j» 42x_e—5x 4
— )

cotx

. dx
V1 —cos?x

1
j( )dx
CcSCX - cotx - cosx

3.

6.

9.

12.

15

18

21.

2

IS

217.

30.

33

fe‘” ~dx

=22 ax

flO - dx

[ sina - ax

W secte 1) ar

' ](x3/2+x5/2)-dx
j(x—\/—lz)?’-dx
- f [xL(V% + 5%)] - dx

f cot’x - dx

(1 + secx)cotx
~dx

cScx

' f\/Zx—xZ-dx
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Integration by Parts 45 il Jalsal)

Logie (oY Adida dllia Ll 5 pillal () 8 Glia (&) Laxie 43 ylall o34 (adlii

ju-dvzu-v—fv-du

nx S du=-d ntx S du=—2
u=Inx = du=-dx u=sin"tx u=
flnxdx: _____ x fsin‘lxdx:{ V1 —x?
dv=dx = v=x k dv_dxzmv_x
u=Inx = du=—dx |(u=tan_1x S du= dx
n 14 x?
X lnxdx: ..... (n+1) fxntan_lxdxﬁ _____
P X ) f AAAAA L@+
k — " l dv = x"dx v=——
" "
u=x" = du=nxnDdx u=x" = du=nxnDdx
jx”exdx = fx" sinx dx = f
dv=e*dx —m— v =e¢e”* dv = sinxdx =—— v = —cosx

EX.:
1 L du=1.4d
= = = —,
1. flnx.dx , [Inx.dx = w=mx U=y
J
dv=dx —m—m v =x
1
u=Inx , du=;.dx
dv = dx , V=X

ju-dv=u-v—fv-du

1
jlnx.dx=x.lnx—fx.;.dx=x.lnx—x+c
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2. [ x.sinx.dx

dx

dv = sinx.dx V = —CoSX

ju-dvzu-v—fv-du

jx. sinx.dx = —x.cosx — j —cosx.dx

u=x , du

= —X.CO0SX + f cosx.dx = —x.cosx + sinx + ¢

3. [x% cosx dx
u = x? ) du = 2x.dx

dv = cosx.dx , v = sinx

ju-dvzu-v—fv-du

fxz.cosx dx = x%sinx — f 2xsinx dx

= x2.sinx — 2 [ x.sinx.dx = x2.sinx — 2[—x. cosx — [ —cosx. dx]
u=x , du=dx
dv = sinx.dx , UV = —CoSX

[ x?%.cosx dx = x%.sinx — 2[—x.cosx + sinx] + ¢
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4. [x>.cosx.dx

u=x> dv = cosx dx
quuh d;ﬂ‘uagﬂﬂ gJJA(}m;'MJ;Jh d;ﬂ‘jJSng;U KLa d;ﬂ uj& dLPJ\L& g;
.Tabular method

u
x> coSx
s: sinx
—C0SX
s“—smx
120x

CoSX

\Smx
\COSx

fxs. cosx dx = x°sinx + 5x*cosx — 20x3sinx — 60x%cosx + 120xsinx

+120cosx + c.

5 [x%Inx dx

u=Inx ,  du=

dv = x%.dx ) v=

fu-dv=u-v—jv-du

x3 x3 1
sz.lnx.dlenx.—— — . —.dx=Inx. ——j— dx
3 3 x

_l X3 1 3_|_
—nx.3 9X Cc
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6. [x.e*.dx
u=2x , du = dx
dv = e*.dx , v=e*

ju-dvzu-v—fv-du

fx.ex.dx=x.ex—je".dx=x.e"—e"+c

7. ftan"tx.dx
1

u=tan"'x , du=-—.dx
1+x

dv = dx , V=X

ju-dv=u-v—fv-du

14 x2°

1 1 1 4 1 2x
tanT'x.dx =x.tan""x — | x dx =x.tan " x — = dx

1+ x2 2

1
= x.tan_lx—zlnll +x?|+c

8. [sinx.e*.dx
u = sinx , du = cosx.dx
dv = e*.dx ) v=e*

fu-dv=u-v—fv-du

fsinx.ex.dx = sinx.e* — j e*.cosx.dx

U = CoSx , du = —sinx.dx

dv = e*.dx ) v=e*

fsinx. e’ .dx = sinx.e* — [ex. cOSX — j e* (—sinx).dxl

fsinx.ex.dx = sinx.e* — cosx.e* — j e*.sinx.dx

sinx.e* — cosx.e*
2

stinx.ex.dx = sinx.e* — cosx.e* = fsinx.ex.dx =

4

+C
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9. [cos(vV2x + 1) dx
let Z=+vV2x+1 = 7Z?=2x+1 = 2zdz=2.dx = dx=1z.dz

[cos(V2x + 1) dx = [ z.cos(z).dz

u=2z , du =dz

dv = cos(z).dz ) v = sin(z)
j cos(\/Zx + 1) dx = z.sin(z) — f sin(z).dz = z.sin(z) + cos(z) + ¢
= (V2x + 1) sin(vV2x + 1) + cos(vV2x + 1) + ¢

10. [x3.e*.dx

dz
zZ = x? ) dz = 2x.dx dx = —
2x
dz 1 1
3 de — 3 5z 2 _z - _ z
fx.e.x fx.e.zx 2.[x.e.dz 2jz.e.dz
u==z , du =dz
dv = e?.dz , v = ¢
3 _x2 1 z 1 z Z 1 zZ Z
x3.e¥.dx==|z.ef.dz==|z.e?— | e?.dz| ==[z.e? —e?]+
2 2 2
1
= E[xz.e"2 — exz] +c
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11. [eV™.dx

Let z=+/x , 7% =x ) 2z.dz = dx
je&.dx=jeZ.ZZ.dZ=ZjZ.eZ.dZ

u=z , du =dz

dv = e*.dz , v =¢

je*/}.dx=2fZ.eZ.dz=2[z.ez—jez.dzl = 2[z.e? —e?] + ¢

= 2[\/16&— e&] +c

12. fsin(Zx).ecos(x) dx

. dz

Let z = cos(x) , dz = —sin(x).dx , dx = Tn(x)
f‘(Z) i —j n(20). 6" — —jz‘() (.07 —2Z

sin(2x).e x = | sin(2x).e —sinG) - sin(x).cos(x).e —sin(D)
= —ij.ez.dz

sin(2x) = 2sin(x) - cos(x)

n

u==z = du =dz
dv = e*-dz :f> v =2¢f

fu-dv=u-v—jv-du

fsin(Zx)-ews(x)dx=—Zfz-ez-dz=—ZZ-eZ+2er-dz

= —27-e% 4 2e%+ ¢ = —2cos(x) - e* 4 25 4 ¢
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X

13, [— - dx

| Csizx) dx = [ e*-sin(x) - dx

u=-e" ;@ du = e* - dx
dv = sin(x) - dx =f> v = —cos(x)

ju-dv=u-v—fv-du

j c dx = fex.sin(x).dx = —e*.cos(x) +fex.cos(x).dx

csc(x)

u
u=-ce"* = du = e*.dx

dv = cos() - dx —= v =sin(x)
f e - sin(x) - dx = —e*.cos(x) + f " cos(x). dx

f ¢ sin(x) - dx = —e* - cos(x) + lex-sin(x) - j sin(x) - €* - dx
j e - sin(x) - dx = —e* - cos(x) + ¢* - sin(x) — j e - sin(x) - dx
j e - sin(x) - dx + f e - sin(x) - dx = —€* - cos(x) + ¢* - sin(x)

2 f e* - sin(x) - dx = —e* * cos(x) + e* * sin(x)

f —e* - cos(x) + e* - sin(x)
+C

e* - sin(x) - dx = >
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HW.:

1. [x-e™-dx 2.f x - sin(2x) - dx
Inx, 4.f e* - cos(2x) - d
3.f - dx [ e* - cos(2x) - dx
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Integration by substitution o 92l Jalsil)

JI 90 S 853 g s Al (7) Gabs lld g Jall (5 k) (saal 8 oy gaill 48y yhay Jalsll
Al Skl o) iy Leda Cammy dad ol G pea Jials

o2 il Jad) gkl dalad) el

o B8 il g g sall o Y]

Z g (B 42) o]
oV osy (x5 +2)° G2

Z &3

Let Z=x>+2 = dz=5x* dx = dx=5dTZ4

dz Z7 (x> +2)7

4, (+5 6. — 4, 6. — 6. = — =

ij (x> +2)°-dx ij (2) T jZ dz 7+C z +C
2. [2x-(x*+1)"-dx
Let Z=x*>+1 = dz=2x-dx = dx=;l—i

dz 78 x*+1)8
J2x-(x2+1)7-dx=j2x-(Z)7-2—=fZ7-dz=§+c=%+c

x
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adi HAaT) o) AT J80a o) 8 IS 1A 2

EX.

1. [x-vVx2+1-dx

Let Z=Vx2+1 = Z?=x*+1 = 2zdz=2x-dx = dxzzzzzz%
3
zdz ) 73 (x2+1)
[ P POy PRI SO L 2
X 3 3
2. [x3-vVx2+1-dx
let Z=vVxZ+1=22=x24+1 = 2zdz=2x-dx = dx=zzdz=ﬁ
X X
zdz
jx3'\/x2+1'dx=jx3'z-—=fx2-zz-dz
X
X (e paladll g
7?=x*+1 = x*=z>-1
5 ZB
f(Zz—l)'Zz'dZ=f(Z4—ZZ)'dZ=?—?+C
5 3
(\/ x2 + 1) (\/xz + 1)
= = +C
5 3
3. f04x-\/x2+9-dx
Let Z=Vx24+9 =2 Z?=x249 =22z-dz=2x-dx = dx:zzzz:%

BALNI IR PLENSPE SPgh

if x=0 = Z=,(0)24+9=4/9=3

if x=4 = Z=,(4)24+9=+25=5
5 zdz 5 73 125 27 98

[(xontes (g2 S22 27 %
3 x 3 3 3 3
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Ll ye ol o) EYI 4l 5 ulS 1313

Ex.:

1. [ %3 - sin(2x*) - dx

Let Z =2x* = dz=8x% dx :>dx=:723

jx3 -sin(2x*) - dx = jx3 - sin(z) % = %j sin(z) -dz = %(—cos(z)) +C
x

—1
= ?cos(Zx‘*) +C

2. [3x%*-cos(x®*+1)-dx

let Z=x3+1= dz=3x*"dx = dx=2

3x

dz
j 3x%2-cos(x®*+1)-dx = f 3x2 - cos(z) e jcos(z) -dz =sin(z) + C
X

=sin(x3+1)+C

dad yee WY o) EY) 8 8 il 1Y) 4

Ex.:

1. [cosx-elm) . dx

Let Z =sinx > dz =cosx-dx = dxzﬂ

cosx

dz

CoOSXx

fcosx -0 . gy = fCOSx e . - fe(z) cdz = e@ 4 ¢ =m0 4 ¢

2} f(lnx)3 . dx

X

Let Z=Ilnx = dz=%-dx = dx =x-dz

3 3 ) 4
j(lnxx) cdx = %-x-dzzj(z)3_dzz%+cz(ln4x)

+c
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H.W.:

1. fsecz(4x3) cx2dx 2. f(l + x7)100x6qx
3 f 2x3 + 3x? 4 A j . 4
. Tt 2 X . anx dx
sin(2x) j x
5. — - dx 6. —— - dx
V1 + sinx cos?(x?)
7. Jx\/l + 2x2% - dx 8. jxex2 -dx

10.

9. J sec?(4x + 2)dx ] cos3x - sinx - dx

11

2
12.[ X dx

X
) — - dx
J\/4—9x2 x3+1

14,

13. Jsin(sinx)cosx dx fx. cos(x?) - dx

sec?(Vx) 16. X p
-~ 7. T —ax
> N V1 - 2x2

2 pr? (3 18. 4\3 .3
17. x“sec®(x3) - dx (2—x*) x3-dx



