Mathematics Definite Integral Dr. Saad Zahraw Sekhi

Definite Inteqgral

f; f,(x)- dx = f(x)lz =f(b)—f(a) , a&hb areConstant

EX.:

) 52 2 3

J; 3x2.dx=3?| -3 = @°-(1)P=8-1=7
1 1

Properties of Definite Inteqral:

1 [ f(x).dx =0

2
2
Ex: [fxdx=Z{ =2-2=0
212
2. f;f(x).dx = —fbaf(x).dx 3 gaall ld

EX.: f23x3.dx = —f32x3.dx
1
3. [0 FGO.dx = [ f ). dx + [7 f(2).dx
b b
4. [ kdx=kx| =k®-a , k Constant
d

13
Ex: [, 4.dx=4x] , =413 -3) = (4)(10) = 40

5. [, [f() + g()].dx = [ f(x).dx 1 [ g(x). dx
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Ex.: If we have

[fe)ax=12 &  [212f(x).dx = 48
Find f019 £(). dx

Sol.:
16

f F(X).dx + (=) 1]6 12f (x). dx

0

flzf(x)dx— ff(x)dx—

116 f(x).dx = —4

16

jf(x) dx + (— )lef(x) dx—j 12.dx + (— )j(4) dx

0

16 19
=12x| —4x| =12(16—-0)—4(19—-16)=192-12 =180
0 16
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2x , 0<x<?2
Ex.: If f(x)={xz_|_1 2<x<3

Find [ f(x). dx

Sol.:
2

3 3
Ojf(x).dx=J2x.dx+2j(x2+1).dx

0

O i Y [ I ey

T2 3+x__+3+_3+]
0 2

S LA 2]—4+[19+1]—4+19+3

B 3 3 B 3 B 3
22 12422 34

Aty =5 =3
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Inteqral Applications

Lo ol iniall chnd dalisall sl Lgie ccilalisall slagl ga JolSil) & claplaill aaf e *
iy inie o le sl cpinie g le ol (3 51 ) Sslaall ol st g

1. Area between curve and x — axes:

y - axes
x=b A f(x)
A= [_ f(x).dx N /
X =a X =b i’
2. Area between curve and y — axes:
y=b -
A=V f).dy R
A
<« f(y)
y=a
—————————— X-axes
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Ex.: Find the area of the region bounded by 7y = 3x — x?> and
the x — axes.

Sol.:
A ) sl i g 5l I (simya)
Sl Ja 3 JalSll 3 gas G D Al sy 1
y - axes
X | y=3x—x* A s
-2 - 10 Yoo
1 4 v
0 0
1 2 0 5 X-axes
2 2 ’
3 0
4 - 4
5 - 10
y=3x—-x?=x(3—-x) — x=0 x =3
j(Bx—xz) dx—lB———]
0% (0 27 27
B S I OSROR ) R

= 4.5 unit?
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Ex.: Find the area between y = 2 — x? and the line y = —x.

Sol.:
(Ll Jel&all 3 gan e |y i (JSE am i Loie
(blail) s e Jpandlanll (e s 3
y =2—x?
If x=0 = y=2 e
x=1 = y=1
x=2 = y=-2
x=3 > y=-— Line
x=-1 = y=1
x==2 = y=-2 y=2-x*
x==3 = y=-7 X-axes
y=—x (Plot line) !
Ifx=0 = y=0 y=-X
x=1 = y=-
x=2 = y=-2
X = => y=-
x=-1 = y=
XxX=-2 = y=
x=-3 > y=

qurai| Ry ng\.uu ¢ Jalal) 2 gas Ay s Al 43.1).1:: Sl *

2—xt=—-x = x*-x-2=0 = (x+1Dx-2)=0

=—1=a ", xX=2=Db
b 2 9
A= j[yl(x) —y,(x)].dx = J[Z—x2 +x]%,.dx =3

a -1

= 4.5 unit area.
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Ex.: Find the area of the region bounded by 7y = x3 + 5x2 + 6x
and the x — axes. A

Sol.: y = x3 + 5x% + 6x

— .3 2
y =x°+5x°+ 6x
3/\ —> X-axes

= x(x? 4+ 5x + 6) A
=x(x + 2)(x + 3)
x=0 , X =-—2 ) x =-3

A=A, +A4,

, , ! 53 x2] 74
A = f(x + 5x“+6x).dx =|—+5—+6
473 2],

— —72)3 —72)2 — —2)3 _2)2
zl( 2)* s (727 L ( 2)]_(3)4+5( 3)° 6l 3)]

4 * 3 3 2
A1=i unit area.
12
3 x21°
|A,| = f(x + 5x2 + 6x). dx—[—+5?+62 2

(-2)*  _(=2)°  (=2)°
— +5 3 >

@ 07  (0)°

|A,| = 3 unit area.

8 37
A=A + 4, =E+§=Eunltarea
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H.W.: Find the definite integrals for the following functions:

1.

7.

10.

13.

16.

19.

21.

flx/E.dx

f (—2x+3).dx
1

fgt—8 it
. vt

2
]\/x+3.dx
0

2x 0<x<1
It f(x)z{z 1<x<?2

Find [ f(x).dx

_(1+x 0<x<1
It f(x)_{—x+2 1<x<?2

Find [ f(x).dx

If f(x) =
{xz—l —-2<x<1
x—1 1<x<3

Find [2, f(x).dx

Find the area bounded by y = x?

y=2-—x

n=x

5.

8.

11.

14.

17.

20.

B=2—=

f (x +x?) .dx
0

f (x? — 2x) .dx
-1

24 2
[E-2)
AV

3. f' 1
1V3x+4

6. f' 1
1 V5X—1.

dx

dx

9. box 4
fox+3' *

/3 12. 1+x x <0
j- (1 —sin@).d6 If f(x):{Z—x 0<x<?2
0 3
E X =2
Find [° f(x).dx
(1 0<x<1 15. 1 1
Iff(x)_{_3 1<x<?2 If f(x):{xz 2SX<1
Find [250c).d Vi 1<x<2
In X).ax
0 Find [ f(x).dx
_(x 0<x<1 18 _(—x 0<x<1
it 760 = {7 1<x<2 treo={T . 12x24
Find [ f(x).dx Find [ f(x) .dx
If  f)=
{\/E 1<x<4
2x>—6x 4<x<5
Find [ f(x).dx
& 22. Findthe areaboundedbyy = x* &

y=4
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23. Find the area bounded by y = —x? — 2x 24. Find the area bounded by y = 3x — x? &
& y=x2%4 y = 2x3 — x? — 5x

Z T y=3x—-x*
¥
: 3 ]
— H I 1 7 : s 57

-2

[R——

y=2x>-x?-5x

<
]
=
N
|
a/éf_--.

25. Find the area bounded by y = x3 — 5x 26. Findthe areaboundedby y=x? &
& y=3x-—x3 y=x+2

y=x3-Sx

27. Find the area bounded by y = x3 & 28. Findthe areaboundedbyy =x3 & y=x

y = —x in period [—2,0]

4 P(1,1)
P(2.2) - y
y=-x % X
-1,-1)

29. Find the area bounded by y = 2x — x? 30. Find the area bounded by y = 5x —x3 &

& y=0 y=0
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31. Find the area bounded by y = x3 — 3x 32. Find the area bounded by y = x3 — 6x &

& y=x y =—2x

10
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Indefinite Integral

LOELEY) Alaal ApaSall aleal) s c2daall e Jal&il)

Jalsill =6 ) (integral constant) C il o cang 2asall e Jalsall 8 4das

Properties of the indefinite inteqral

Rule. 1: fkdx=kx+c ¢ = integral constant
K = number
EX.:
1 [4dx=4x+c 2. [mdx =mx+c
dx 1 1 1 1
3.f;—f5dx—EX+C 4.f§dm—§m+c

Xn+1
Rule. 2: fxn dx = +c
n+1

EX.:

2 ;.. 1.3
1. Jx*dx=3x"+c

1 2 Xt -1
2. fx—zdx—fx dX—_1+C—x+C
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3 1 x% 3 4
3. JVxdx=[x3dx=F+c=x3+c
3
" -1
— (v 7 dy = X2 _ -2
4 fﬁdx—fxzdx—%'l‘(:—\/}'l‘c
(ax+b)”+1
Rule. 3: f(ax+b)"dx—
(n +1)(a)

oosdll Jala diide i g

Ex.:

. 3 (1 ZX)4 _ —_1 . 4
1. [(1—-2x)3d = e T¢=% (1-2x)*+c

2

1 _ (x—1)3 _ 3, 1\
2. fi/dex—f(x 1)3d —()(1)+C—2(x 1)3+ ¢
Rule. 4: | [ K fG0 dx =K [ £G) da 13 5 5 peme o
Ex.:

4
f2x3dx=2fx3dx=2x:+c=%x4+c
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Rule. 5:

[1r0 F geo1dx = [ Fdx T [ gax

C#\j@d\@\;&@\b&gdﬁuﬁ

Ex.:

1 [(x*+ 6x —3)dx = [ x*dx + [ 6x dx — [ 3dx

=§x3+3x2—3x+c

x”  x7? x5 1 - 1 7
=t T Tt eE N Te Ty e
5
EX.:
x3-\/§ 2 l E x% 2 Z
L [=—/—de=[x*xzdx=[xzdx=F+c="x2+cC
2

2.f(1—x)(\/_)dx—f(\/_ xZ)dxzf(x;—xZ)dx

3.fwdx=f(x—+5—xz—i) dx=f(x+5—i)dx

x2 x?2 x?2 x2
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2

X 1
(x+5—4x‘2)dx=7+5x+4;+c

-4 (x—2)(x+2) 2
4.f(3;_2 )dx=f(%)dx=f(x+2)dx=x7+2x+c

1 . 1 . . -2
N vl el ey Lol o 3)2dx J O +3) dx

(x +3)71 —1 N
C
(= 1)(1) x+3
shagal) cliUaiall lany
1 1 sinx
secx = . cscx = —— . tanx =
cosx sinx cosx
1 cosx
cotx = = —
tanx  sinx
sin?(x) + cos?(x) =1 , tan®(x) = sec?(x) — 1
cot?(x) = csc?(x) — 1 , sin(2x) = 2sin(x)cos(x)

cos(2x) = cos?(x) — sin?(x) = 2cos?(x) — 1 =1 — 2sin?(x)
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Rule. 6:

—cos(ax + b
fsin(ax+b) dx = (a ) +c
sin(ax + b
jcos(ax+b)dx= (a )+c
tan(ax + b
jsecz(ax+b)dx= (a )+c
—cot(ax + b
jcscz(ax+b) dx = (a ) +c

sec(ax + b)
j sec(ax + b) - tan(ax + b)dx = +c

—csc(ax+ b
( )+c

j csc(ax + b) - cot(ax + b)dx = ~

s4d3adla

. €SC =y Ll cot F .sec =y Ll tan
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EX.:

1. [(sinx — 3cosx) dx = — cosx — 3sinx +c

sin(3x—1)

2. [cos(3x — 1) dx = +c =1;sin(3x—1)+c

sec(2x)

3. [ sec(2x) - tan(2x)dx =

+c= 1?sec(Zx) +c

4. [ sin®(x) + cos?*(x)dx = [1dx =x+c

secx
5. J— dx = [ secx secx dx = [ sec® x dx = tanx + ¢

6. [—— dx = [ 5csc?x dx = 5(—cotx) + ¢ = —5cotx + ¢

sin?x

7. [ cos(x) - tan(x)dx = fcosx%dx = [ sin(x)dx = —cosx + ¢

3 fcos3(x)—5 dx = fcos3(x)—5 dx = f (cosg(x) 5 ).dx

1-sin?(x) cos?(x) cos?(x)  cos?(x)
= f(cos(x) -5 Secz(x)). dx = sin(x) — 5tan(x) + ¢
9. [ tan?(x)dx = [(sec*(x) — 1) dx = tan(x) —x + ¢

10. [ cot?(x)dx = [(csc*(x) — 1) dx = —cot(x) —x + ¢

1 d _f 1 ] 1-sin(x) _f 1-sin(x)
1+sin(x) X = 1+sin(x) 1-sin(x) —J 1-sin2(x)

11. |

_ j 1 —sin(x) D = f 1 sin(x)

cos?(x) cos?(x) B cos?(x) x
= j(secz(x) — tanx - secx) dx = tan(x) — sec(x) + ¢

RO TRV R
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dall b claaial I sl pdle Jla 2 68 Y Ledie -

(ax+B) (k)(ax+b)
. k ax d — —+
Rule. 7: j( ) X @ - Ink C
e(ax+b)
f e(@x+h) gy = +c
a-lne
oesdll Jalydside Jia 1g
lIne=1
EX.:
Ax45 . (2)4x+5
1. [(2) dx =~ —+c
2. [e*dx=e*+c
(2-5x)
(2—-5x) _ ¢
3. Je dx = ———+c
X . X — x _ (&)
4, [2*-e*dx=[(2e)*dx = Saas T C
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',

Rule. 8: oo G =l Gl +c

Al N o Jalsalle calaal) daiia g Jaall () 5 Ladie *
EX.:
1. [xlax =fidx = In|x| + ¢
4 1
2. [ode=4[-dc=4nlx|+c
3. fmdx—Zf—dx—Zln|x+2|+c

=In|x*+5|+c

5. fx2+5 =—f 2+5dx——ln|x +5|+c¢

2 1 4 1
6. f4x+2dx—5fmdx—5ln|4x+2|+c

7. [tan()dx= [ g =— —S) 1y = —In|cosx| + ¢

cos(x) cos(x)

= In|secx| + ¢

8. [cot(x)dx = [ L dx =fcos(x) dx = In|sin(x)| + ¢

tan(x) sin(x)

8
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H.W.: Find the indefinite integrals for the following functions:

1
L J(x —— )-dx 2 fcos(Zx) - dx 3. fe‘” ~dx
cos?x

4. fo-dx 2 fB\/E-dx 6. f(x—Z)Z-dx

1 1 1
7 J(x+—)-dx 8. j<—7+—2)-dx a2 flO-dx
X x7  x

10. J(x2 + cosx) - dx 1. fsecz(x —1)-dx 12. fsin(élx) - dx
1
13. J(x3/2 Fx35) g f dx 15 f(ﬁ —sec?t +1) - dt
x+1
1
16. jtanzx - dx 17 j ( )dx 18. f(x3/2 +x%/2) - dx
cScx - cotx - cosx
19. x? —-2x+1 J 20. ]< 1)2 4 21. j( 1)3 p
—dx +-—) - x——| -dx
Vx YTy Vx

D

22. J(4+i—z)-dx 23. j(\/}+2csc2x)-dx 2

x3  x? x

25. f[x_?l(ﬁ+;)]dx 26. f(\/x+1—\/x+2)-dx 27 fcotzx-dx

- ]h*ﬁﬁ+5ﬂ]dx

28. J(ex +e )2 . dx 29. f (x+1)?-1 y 30. j(l + secx)cotx 4
(x +1)° e cSscx X
2x _ ,—5x 2% _ —5x
31 J—7 3e - dx 32 j(—4 46 >.dx 33 f\/mdx
34. x% +2 p 35. cotx "
f1+xf * V= cos?x



