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Definite Integral 
 
 

∫ 𝑓
𝑏

𝑎
(𝑥). 𝑑𝑥 = 𝑓(𝑥)|𝑏

𝑎
= 𝑓(𝑏) − 𝑓(𝑎)        ,       a & b    are Constant   

 

Ex.: 

∫ 3𝑥2. 𝑑𝑥 = 3
2

1

𝑥3

3
|     = 𝑥3|    =  (2)3 − (1)3 = 8 − 1 = 7 

 

Properties of Definite Integral: 

1. ∫ 𝑓(𝑥). 𝑑𝑥 = 0
𝑎

𝑎
 

   Ex.:     ∫ 𝑥. 𝑑𝑥 =
2

2

𝑥2

2
|     = 2 − 2 = 0 

 

2. ∫ 𝑓(𝑥). 𝑑𝑥 = −
𝑏

𝑎
∫ 𝑓(𝑥). 𝑑𝑥

𝑎

𝑏
 قلب الحدود                                          

Ex.:     ∫ 𝑥3. 𝑑𝑥 = − ∫ 𝑥3. 𝑑𝑥
2

3

3

2
 

 

3. ∫ 𝑓(𝑥). 𝑑𝑥 =
𝑏

𝑎
∫ 𝑓(𝑥). 𝑑𝑥

𝑐

𝑎
+ ∫ 𝑓(𝑥). 𝑑𝑥

𝑏

𝑐
 

4. ∫ 𝑘. 𝑑𝑥 = 𝑘 𝑥 |    = 𝑘 (𝑏 − 𝑎)
𝑏

𝑎
            ,           k  Constant   

 

Ex.:     ∫ 4. 𝑑𝑥 = 4
13

3
𝑥|     = 4(13 − 3) = (4)(10) = 40 

 

5. ∫ [𝑓(𝑥) ± 𝑔(𝑥)]. 𝑑𝑥 =
𝑏

𝑎
∫ 𝑓(𝑥). 𝑑𝑥 ±

𝑏

𝑎
∫ 𝑔(𝑥). 𝑑𝑥

𝑏

𝑎
 

´ 

2 

1 

2 

1 

𝑏 

a 

13 

3 

2 

2 

1 
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Ex.:      If we have       
 

∫ 𝑓(𝑥). 𝑑𝑥 = 12
16

0
        &       ∫ 12𝑓(𝑥). 𝑑𝑥 = 48

16

19
 

Find       ∫ 𝑓(𝑥). 𝑑𝑥
19

0
 

 

Sol.: 

∫ 𝑓(𝑥). 𝑑𝑥 + (−) ∫ 12𝑓(𝑥). 𝑑𝑥

19

16

16

0

 

− ∫
12
12

𝑓(𝑥). 𝑑𝑥 =
48

12

19

16

= − ∫ 𝑓(𝑥). 𝑑𝑥

19

16

= 4 

∫ 𝑓(𝑥). 𝑑𝑥

19

16

= −4 

∫ 𝑓(𝑥). 𝑑𝑥 + (−) ∫ 12𝑓(𝑥). 𝑑𝑥

19

16

16

0

= ∫ 12. 𝑑𝑥 + (−) ∫ (4). 𝑑𝑥

19

16

16

0

 

 

= 12 𝑥 |   − 4 𝑥 |   = 12(16 − 0) − 4(19 − 16) = 192 − 12 = 180 

 
 

 

 

 

 

 

 

 

16 

0 

19 

16 
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Ex.:      If     𝑓(𝑥) = {
2𝑥                                 ,          0 ≤ 𝑥 ≤ 2

𝑥2 + 1                             ,          2 < 𝑥 ≤ 3   
 

 

Find       ∫ 𝑓(𝑥). 𝑑𝑥
3

0
 

 

Sol.: 

∫ 𝑓(𝑥). 𝑑𝑥 = ∫ 2𝑥. 𝑑𝑥 + ∫(𝑥2 + 1). 𝑑𝑥

3

2

2

0

3

0

 

=
2𝑥2

2
|

0

2

+ (
𝑥3

3
+ 𝑥)|

2

3

= (4 − 0) + [(
27

3
+ 3) − (

8

3
+ 2)] 

= 4 + [
27

3
+ 3 −

8

3
− 2] = 4 + [

19

3
+ 1] = 4 +

19 + 3

3
 

 

        = 4 +
22

3
=

12+22

3
=

34

3
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Integral Applications  
 

 

 

من أهم التطبيقات في التكامل هو أيجاد المساحات، منها أيجاد المساحة تحت المنحني أو ما   *

 .ما بين منحنيين أو ما بين منحني وخطأو  (𝑦  أو  𝑥)بين منحني وأحد المحاور 

 

1. Area between curve and  𝑥 − 𝑎𝑥𝑒𝑠: 
 

𝐴 = ∫ 𝑓(𝑥). 𝑑𝑥
𝑥=𝑏

𝑥=𝑎
 

 

 

 

 

 

2. Area between curve and  𝑦 − 𝑎𝑥𝑒𝑠: 
 

𝐴 = ∫ 𝑓(𝑦). 𝑑𝑦
𝑦=𝑏

𝑦=𝑎
 

 

 

 

 

 

 

 

 

 

 

 

 

 

y =a 

x-axes 

x =a 

f (x) 

x-axes 

x =b 

f (y) 

y =b 

y - axes 

y - axes 
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Ex.: Find the area of the region bounded by    𝑦 = 3𝑥 − 𝑥2   and 

the 𝑥 − 𝑎𝑥𝑒𝑠. 

Sol.: 

 ي سؤال، نتبع الخطوات التالية:ألغرض حل   *

 التكامل.حل  .3. تثبيت حدود التكامل                 2. رسم الدالة.                    1
 

 

 

 

 

 

 

 

 

 

𝑦 = 3𝑥 − 𝑥2 = 𝑥(3 − 𝑥)    →    𝑥 = 0         ,           𝑥 = 3 

𝐴 = ∫(3𝑥 − 𝑥2). 𝑑𝑥 = [3
𝑥2

2
−

𝑥3

3
]

0

33

0

 

    = [3
𝑥2

2
−

𝑥3

3
] − [3

(0)2

2
−

(0)3

3
] = [

27

2
−

27

3
] − [0 − 0] 

    = 4.5  𝑢𝑛𝑖𝑡2 

 

 

 

x-axes 

y - axes 

𝑦 = 3𝑥 − 𝑥2 

0 

3 

x 𝑦 = 3𝑥 − 𝑥2 
-2 -  10 
-1 -  4 

0    0 
1    2 
2              2 

3              0 
4 - 4 
5 - 10 
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Ex.: Find the area between   𝑦 = 2 − 𝑥2   and the line 𝑦 = −𝑥. 

Sol.: 

 عندما نرسم الشكل، نستفاد من الرسم للحصول على حدود التكامل )النقاط(.  *

𝑦 = 2 − 𝑥2 
 

If   𝑥 = 0    ⇒     𝑦 = 2               

     𝑥 = 1    ⇒     𝑦 = 1               

     𝑥 = 2    ⇒     𝑦 = −2               

     𝑥 = 3    ⇒     𝑦 = −7               

     𝑥 = −1    ⇒     𝑦 = 1               

     𝑥 = −2    ⇒     𝑦 = −2               

     𝑥 = −3    ⇒     𝑦 = −7               
 

𝑦 = −𝑥           (Plot line) 
 

If   𝑥 = 0    ⇒     𝑦 = 0               

     𝑥 = 1    ⇒     𝑦 = −1               

     𝑥 = 2    ⇒     𝑦 = −2               

     𝑥 = 3    ⇒     𝑦 = −3               

     𝑥 = −1    ⇒     𝑦 = 1               

     𝑥 = −2    ⇒     𝑦 = 2               

     𝑥 = −3    ⇒     𝑦 = 3               
 

 هناك طريقة اخرى لإيجاد حدود التكامل، نساوي الدالتين:  *

2 − 𝑥2 = −𝑥       ⇒      𝑥2 − 𝑥 − 2 = 0      ⇒      (𝑥 + 1)(𝑥 − 2) = 0      

    𝑥 = −1 = 𝑎      `   ,           𝑥 = 2 = 𝑏 

𝐴 = ∫[𝑦1(𝑥) − 𝑦2(𝑥)]. 𝑑𝑥 = ∫[2 − 𝑥2 + 𝑥]−1
2 . 𝑑𝑥

2

−1

𝑏

𝑎

=
9

2
 

    = 4.5  𝑢𝑛𝑖𝑡 𝑎𝑟𝑒𝑎. 

 

x-axes 

y - axes 

𝑦 = −𝑥 

𝑦 = 2 − 𝑥2 

𝐿𝑖𝑛𝑒 
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Ex.: Find the area of the region bounded by    𝑦 = 𝑥3 + 5𝑥2 + 6𝑥   

and the 𝑥 − 𝑎𝑥𝑒𝑠. 

Sol.: 

𝑦 = 𝑥3 + 5𝑥2 + 6𝑥     

   = 𝑥(𝑥2 + 5𝑥 + 6)     

   = 𝑥(𝑥 + 2)(𝑥 + 3)     

𝑥 = 0          ,          𝑥 = −2          ,           𝑥 = −3 

𝐴 = 𝐴1 + 𝐴2 

𝐴1 = ∫ (𝑥3 + 5𝑥2 + 6𝑥). 𝑑𝑥

−2

−3

= [
𝑥4

4
+ 5

𝑥3

3
+ 6

𝑥2

2
]

−3

−2

 

              = [
(−2)4

4
+ 5

(−2)3

3
+ 6

(−2)2

2
] − [

(−3)4

4
+ 5

(−3)3

3
+ 6

(−3)2

2
] 

𝐴1 =
5

12
  𝑢𝑛𝑖𝑡 𝑎𝑟𝑒𝑎. 

|𝐴2| = ∫(𝑥3 + 5𝑥2 + 6𝑥). 𝑑𝑥

0

−2

= [
𝑥4

4
+ 5

𝑥3

3
+ 6

𝑥2

2
]

−2

0

 

                 = [
(0)4

4
+ 5

(0)3

3
+ 6

(0)2

2
] − [

(−2)4

4
+ 5

(−2)3

3
+ 6

(−2)2

2
] 

|𝐴2| =
8

3
  𝑢𝑛𝑖𝑡 𝑎𝑟𝑒𝑎. 

𝐴 = 𝐴1 + 𝐴2 =
5

12
+

8

3
=

37

12
 𝑢𝑛𝑖𝑡 𝑎𝑟𝑒𝑎. 

 

-2 0 

-3 

A2 

A1 
x-axes 

𝑦 = 𝑥3 + 5𝑥2 + 6𝑥 
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H.W.:  Find the definite integrals for the following functions: 
 

1. 
∫ √𝑥 . 𝑑𝑥

1

0

 
2. 

∫ (𝑥 + 𝑥2) . 𝑑𝑥
1

0

 
3. 

∫
1

√3𝑥 + 4
 . 𝑑𝑥

3

−1

 

4. 
∫ (−2𝑥 + 3) . 𝑑𝑥

2

1

 
5. 

∫ (𝑥2 − 2𝑥) . 𝑑𝑥
2

−1

 
6. 

∫
1

√5𝑥 − 1
 . 𝑑𝑥

3

1

 

7. 
∫

𝑡 − 8

√𝑡
 . 𝑑𝑡

9

4

 
8. 

∫ (
4

𝑥
−

2

𝑥2
) . 𝑑𝑥

2

1

 
9. 

∫
𝑥

𝑥 + 3
 . 𝑑𝑥

1

0

 

10. 
∫ √𝑥 + 3 . 𝑑𝑥

2

0

 
11. 

∫ (1 − 𝑠𝑖𝑛𝜃) . 𝑑𝜃

𝜋
3⁄

0

 
12. 

If     𝑓(𝑥) = {

1 + 𝑥             𝑥 < 0
2 − 𝑥     0 ≤ 𝑥 ≤ 2
3

2
                   𝑥 ≥ 2

 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
3

−1
 

13. If  𝑓(𝑥) = {
2𝑥   0 ≤ 𝑥 ≤ 1
2     1 < 𝑥 ≤ 2

 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
2

0
 

14. If  𝑓(𝑥) = {
1       0 < 𝑥 ≤ 1
−3    1 < 𝑥 ≤ 2

 

Find    ∫ 5𝑓(𝑥) . 𝑑𝑥
2

0
 

15. 
If     𝑓(𝑥) = {

1 

𝑥2         
1

2
≤ 𝑥 < 1

√𝑥     1 ≤ 𝑥 ≤ 2
 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
2

1

2

 

16. If  𝑓(𝑥) = {
1 + 𝑥         0 ≤ 𝑥 ≤ 1
−𝑥 + 2     1 < 𝑥 ≤ 2

 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
2

0
 

17. 
If  𝑓(𝑥) = {

𝑥       0 ≤ 𝑥 ≤ 1
𝑥2     1 < 𝑥 ≤ 2

 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
2

0
 

18. If   𝑓(𝑥) = {
−𝑥             0 ≤ 𝑥 < 1
−1 + 𝑥     1 ≤ 𝑥 ≤ 4

 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
4

0
 

 

19. If  𝑓(𝑥) =

{𝑥2 − 1   − 2 ≤ 𝑥 ≤ 1
𝑥 − 1         1 < 𝑥 ≤ 3

 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
3

−2
 

20. If     𝑓(𝑥) =

{√𝑥                1 ≤ 𝑥 ≤ 4

2𝑥2 − 6𝑥    4 < 𝑥 ≤ 5
 

Find    ∫ 𝑓(𝑥) . 𝑑𝑥
5

1
 

 

  

 

21. Find the area bounded by 𝑦 = 𝑥2   &                   

𝑦 = 2 − 𝑥 

 

22. Find the area bounded by 𝑦 = 𝑥2    &    

𝑦 = 4 
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23. Find the area bounded by 𝑦 = −𝑥2 − 2𝑥         

&   𝑦 = 𝑥2-4 

 

24. Find the area bounded by 𝑦 = 3𝑥 − 𝑥2  &      

𝑦 = 2𝑥3 − 𝑥2 − 5𝑥 

 

25. Find the area bounded by 𝑦 = 𝑥3 − 5𝑥            

&   𝑦 = 3𝑥 − 𝑥3 

 

26. Find the area bounded by    𝑦 = 𝑥2    &            

𝑦 = 𝑥 + 2 

 

27. Find the area bounded by 𝑦 = 𝑥3  &                

𝑦 = −𝑥  in period [−2,0] 

 

28. Find the area bounded by 𝑦 = 𝑥3  &   𝑦 = 𝑥 

 

 

 

29. Find the area bounded by 𝑦 = 2𝑥 − 𝑥2             

&   𝑦 = 0 

 

30. Find the area bounded by 𝑦 = 5𝑥 − 𝑥3   &   

𝑦 = 0 
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31. Find the area bounded by 𝑦 = 𝑥3 − 3𝑥            

&   𝑦 = 𝑥   

32. Find the area bounded by 𝑦 = 𝑥3 − 6𝑥  &       

𝑦 = −2𝑥   

 

 



Mathematics               Indefinite Integral                Dr. Saad Zahraw Sekhi 

1 
 

Indefinite Integral 

 

 هو العملية العكسية لعملية الاشتقاق. التكامل غير المحدد:

 الى ناتج التكامل. )C )integral constantفي التكامل غير المحدد يجب ان نضيف  ملاحظة:

 

Properties of the indefinite integral 
 

 

Rule. 1:                                                                  𝑐 = 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

                                                                                k = number 
 

 

Ex.: 

1. ∫ 4 𝑑𝑥 = 4𝑥 + 𝑐                                             2. ∫ 𝜋 𝑑𝑥 = 𝜋𝑥 + 𝑐 

3. ∫
𝑑𝑥

2
= ∫

1

2
𝑑𝑥 =

1

2
𝑥 + 𝑐                               4. ∫

1

3
𝑑𝑚 =

1

3
𝑚 + 𝑐 

 

 

Rule. 2:                                                      

 

 

Ex.: 

1.            ∫ 𝑥2 𝑑𝑥 =
1

3
𝑥3 + 𝑐                          

 2.         ∫
1

𝑥2  𝑑𝑥 = ∫ 𝑥−2 𝑑𝑥 =
𝑥−1

−1
+ 𝑐 =

−1

𝑥
+ 𝑐 

∫ 𝑘 𝑑𝑥 = 𝑘𝑥 + 𝑐 

∫ x𝑛 𝑑𝑥 =
x𝑛+1

𝑛 + 1
+ c 
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3.           ∫ √𝑥3  𝑑𝑥 = ∫ 𝑥
1
3 𝑑𝑥 =

𝑥
4
3

4
3

+ 𝑐 =
3

4
𝑥

4
3 + 𝑐                                

4.          ∫
1

√𝑥3
 𝑑𝑥 = ∫ 𝑥

−3
2 𝑑𝑥 =

𝑥
−1
2

−1
2

+ 𝑐 =
−2

√𝑥
+ 𝑐                            

 

     

Rule. 3:                                                      

 

  :aتمثل مشتقة داخل القوس. 

Ex.: 

1.     ∫(1 − 2𝑥)3 𝑑𝑥 =
(1−2𝑥)4

(4)(−2)
+ 𝑐 =

−1

8
(1 − 2𝑥)4 + 𝑐                          

2.     ∫
1

√𝑥−1
3  𝑑𝑥 = ∫(𝑥 − 1)

−1

3 𝑑𝑥 =
(𝑥−1)

2
3

(
2

3
)(1)

+ 𝑐 =
3

2
(𝑥 − 1)

2

3 + 𝑐                          

 

Rule. 4:                                                                                   رقم مضروب في دالة 

 

Ex.: 

      ∫ 2𝑥3 𝑑𝑥 = 2 ∫ 𝑥3𝑑𝑥 = 2
𝑥4

4
+ 𝑐 =

1

2
𝑥4 + 𝑐         

 

 

∫(𝑎𝑥 + 𝑏)𝑛 𝑑𝑥 =
(𝑎𝑥 + 𝑏)𝑛+1 

(𝑛 + 1)(𝑎)
+ 𝑐 

∫ 𝐾 ∗ 𝑓(𝑥) 𝑑𝑥 = 𝐾 ∫ 𝑓(𝑥) 𝑑𝑥 
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Rule. 5:          

 

 

.الطرحفي حالتي الجمع و تستخدم هذه الصيغة  

Ex.: 

1. ∫(𝑥2 + 6𝑥 − 3)𝑑𝑥 = ∫ 𝑥2𝑑𝑥 + ∫ 6𝑥 𝑑𝑥 − ∫ 3𝑑𝑥  

                                    =
1

3
𝑥3 + 3𝑥2 − 3𝑥 + 𝑐     

                     

2.  ∫ (𝑥6 +
1

𝑥3 − √𝑥25
) 𝑑𝑥 = ∫ (𝑥6 + 𝑥−3 − 𝑥

2

5)  𝑑𝑥    

  =
𝑥7

7
+

𝑥−2

−2
−

𝑥
7
5

7

5

+ 𝑐 =
1

7
𝑥7 −

1

2𝑥2 −
5

7
𝑥

7

5 + 𝑐                       

Ex.: 

 * يجب تبسيط المعادلات )اذا كان هناك تبسيط( قبل اجراء التكامل.

1.  ∫
𝑥3∙√𝑥

𝑥
 𝑑𝑥 = ∫ 𝑥2 ∙ 𝑥

1

2 𝑑𝑥 = ∫ 𝑥
5

2 𝑑𝑥 =
𝑥

7
2

7

2

+ 𝑐 =
2

7
𝑥

7

2 + 𝑐            

2. ∫(1 − 𝑥)(√𝑥)𝑑𝑥 = ∫ (√𝑥 − 𝑥
3

2 ) 𝑑𝑥 = ∫ (𝑥
1

2 − 𝑥
3

2 )  𝑑𝑥       

 =
𝑥

3
2

3

2

−
𝑥

5
2

5

2

+ 𝑐 =
2

3
𝑥

3

2 −
2

5
𝑥

5

2 + 𝑐                    

 

3. ∫
𝑥3+5𝑥2−4

𝑥2  𝑑𝑥 = ∫ (
𝑥3

𝑥2 +
5𝑥2

𝑥2 −
4

𝑥2)  𝑑𝑥 = ∫ (𝑥 + 5 −
4

𝑥2) 𝑑𝑥 

∫[𝑓(𝑥) ∓ 𝑔(𝑥) ]𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥 ∓ ∫ 𝑔(𝑥)𝑑𝑥 
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   = ∫(𝑥 + 5 − 4𝑥−2) 𝑑𝑥 =
𝑥2

2
+ 5𝑥 + 4

1

𝑥
+ 𝑐 

 

4. ∫ (
𝑥2−4

𝑥−2
 ) 𝑑𝑥 = ∫ (

(𝑥−2)(𝑥+2)

(𝑥−2)
) 𝑑𝑥 = ∫(𝑥 + 2) 𝑑𝑥 =

𝑥2

2
+ 2𝑥 + 𝑐 

 

5. ∫
1

𝑥2+6𝑥+9
 𝑑𝑥 = ∫

1

(𝑥+3)(𝑥+3)
𝑑𝑥 = ∫

1

(𝑥+3)2 𝑑𝑥 = ∫(𝑥 + 3)−2𝑑𝑥 

       =
(𝑥 + 3)−1

(−1)(1)
+ 𝑐 =

−1

𝑥 + 3
+ 𝑐 

 

 

 عض المتطابقات المهمة:ب

𝑠𝑒𝑐𝑥 =
1

𝑐𝑜𝑠𝑥
            .             𝑐𝑠𝑐𝑥 =

1

𝑠𝑖𝑛𝑥
          .                  𝑡𝑎𝑛𝑥 =

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
 

𝑐𝑜𝑡𝑥 =
1

𝑡𝑎𝑛𝑥
=

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
 

𝑠𝑖𝑛2(𝑥) + 𝑐𝑜𝑠2(𝑥) = 1                    ,               𝑡𝑎𝑛2(𝑥) = 𝑠𝑒𝑐2(𝑥) − 1 

𝑐𝑜𝑡2(𝑥) = 𝑐𝑠𝑐2(𝑥) − 1                    ,               𝑠𝑖𝑛(2𝑥) = 2𝑠𝑖𝑛(𝑥)𝑐𝑜𝑠 (𝑥) 

𝑐𝑜𝑠(2𝑥) = 𝑐𝑜𝑠2(𝑥) − 𝑠𝑖𝑛2(𝑥) = 2𝑐𝑜𝑠2(𝑥) − 1 = 1 − 2𝑠𝑖𝑛2(𝑥) 
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Rule. 6:                                                      

 

∫ 𝑐𝑜𝑠(𝑎𝑥 + 𝑏) 𝑑𝑥 =
𝑠𝑖𝑛(𝑎𝑥 + 𝑏) 

𝑎
+ 𝑐 

∫ 𝑠𝑒𝑐2(𝑎𝑥 + 𝑏) 𝑑𝑥 =
𝑡𝑎𝑛(𝑎𝑥 + 𝑏) 

𝑎
+ 𝑐 

∫ 𝑐𝑠𝑐2(𝑎𝑥 + 𝑏) 𝑑𝑥 =
−𝑐𝑜𝑡(𝑎𝑥 + 𝑏) 

𝑎
+ 𝑐 

∫ 𝑠𝑒𝑐(𝑎𝑥 + 𝑏) ∙  𝑡𝑎𝑛(𝑎𝑥 + 𝑏)𝑑𝑥 =
𝑠𝑒𝑐(𝑎𝑥 + 𝑏) 

𝑎
+ 𝑐 

∫ 𝑐𝑠𝑐(𝑎𝑥 + 𝑏) ∙  𝑐𝑜𝑡(𝑎𝑥 + 𝑏)𝑑𝑥 =
−𝑐𝑠𝑐(𝑎𝑥 + 𝑏) 

𝑎
+ 𝑐 

 

 ملاحظة: 

tan   ترتبط بـ دائما   sec.                       و cot   ترتبط بـ دائما   csc. 

 

 

 

 

 

 

 

∫ 𝑠𝑖𝑛(𝑎𝑥 + 𝑏) 𝑑𝑥 =
−𝑐𝑜𝑠(𝑎𝑥 + 𝑏) 

𝑎
+ 𝑐 
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Ex.: 

1. ∫(𝑠𝑖𝑛𝑥 − 3𝑐𝑜𝑠𝑥) 𝑑𝑥 = − 𝑐𝑜𝑠𝑥 − 3𝑠𝑖𝑛𝑥 + 𝑐 

2. ∫ 𝑐𝑜𝑠(3𝑥 − 1) 𝑑𝑥 =
𝑠𝑖𝑛(3𝑥−1) 

3
+ 𝑐 =

1 

3
𝑠𝑖𝑛(3𝑥 − 1) + 𝑐 

3. ∫ 𝑠𝑒𝑐(2𝑥) ∙  𝑡𝑎𝑛(2𝑥)𝑑𝑥 =
𝑠𝑒𝑐(2𝑥) 

2
+ 𝑐 =

1 

2
𝑠𝑒𝑐(2𝑥) + 𝑐 

4. ∫ 𝑠𝑖𝑛2(𝑥) + 𝑐𝑜𝑠2(𝑥) 𝑑𝑥 = ∫ 1 𝑑𝑥 = 𝑥 + 𝑐 

5. ∫
𝑠𝑒𝑐𝑥

𝑐𝑜𝑠𝑥
 𝑑𝑥 = ∫ 𝑠𝑒𝑐𝑥 𝑠𝑒𝑐𝑥 𝑑𝑥 = ∫ 𝑠𝑒𝑐2 𝑥 𝑑𝑥 = 𝑡𝑎𝑛𝑥 + 𝑐 

6. ∫
5

𝑠𝑖𝑛2𝑥
 𝑑𝑥 = ∫ 5 𝑐𝑠𝑐2 𝑥 𝑑𝑥 = 5(−𝑐𝑜𝑡𝑥) + 𝑐 = −5𝑐𝑜𝑡𝑥 + 𝑐 

7. ∫ 𝑐𝑜𝑠(𝑥) ∙  𝑡𝑎𝑛(𝑥)𝑑𝑥 = ∫ 𝑐𝑜𝑠𝑥
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
𝑑𝑥 = ∫ 𝑠𝑖𝑛(𝑥)𝑑𝑥 = −𝑐𝑜𝑠𝑥 + 𝑐 

8. ∫
𝑐𝑜𝑠3(𝑥)−5

1−𝑠𝑖𝑛2(𝑥)
 𝑑𝑥 = ∫

𝑐𝑜𝑠3(𝑥)−5

𝑐𝑜𝑠2(𝑥)
 𝑑𝑥 = ∫ (

𝑐𝑜𝑠3(𝑥)

𝑐𝑜𝑠2(𝑥)
−

5

𝑐𝑜𝑠2(𝑥)
) . 𝑑𝑥 

     = ∫(𝑐𝑜𝑠(𝑥) − 5 𝑠𝑒𝑐2(𝑥)). 𝑑𝑥 = 𝑠𝑖𝑛(𝑥) − 5𝑡𝑎𝑛 (𝑥) + 𝑐 

9. ∫ 𝑡𝑎𝑛2(𝑥)𝑑𝑥 = ∫(𝑠𝑒𝑐2(𝑥) − 1) 𝑑𝑥 = 𝑡𝑎𝑛(𝑥) − 𝑥 + 𝑐 

10. ∫ 𝑐𝑜𝑡2(𝑥)𝑑𝑥 = ∫(𝑐𝑠𝑐2(𝑥) − 1) 𝑑𝑥 = −𝑐𝑜𝑡(𝑥) − 𝑥 + 𝑐 

11. ∫
1

1+𝑠𝑖𝑛(𝑥)
 𝑑𝑥 = ∫

1

1+𝑠𝑖𝑛(𝑥)
 ∙

1−𝑠𝑖𝑛(𝑥)

1−𝑠𝑖𝑛(𝑥)
𝑑𝑥 = ∫

1−𝑠𝑖𝑛(𝑥)

1−𝑠𝑖𝑛2(𝑥)
𝑑𝑥 

       = ∫
1 − 𝑠𝑖𝑛(𝑥)

𝑐𝑜𝑠2(𝑥)
𝑑𝑥 = ∫

1

𝑐𝑜𝑠2(𝑥)
−

𝑠𝑖𝑛(𝑥)

𝑐𝑜𝑠2(𝑥)
𝑑𝑥 

      = ∫(𝑠𝑒𝑐2(𝑥) − 𝑡𝑎𝑛𝑥 ∙ 𝑠𝑒𝑐𝑥) 𝑑𝑥 = 𝑡𝑎𝑛(𝑥) − 𝑠𝑒𝑐(𝑥) + 𝑐 

 

مرافق المقام.نضرب في  -  
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باشرة، نلجأ الى المتطابقات في الحل.معندما لا توجد حلول  -  

 

Rule. 7:                                                      

 

 

 

  :a القوس.تمثل مشتقة داخل 

 

 

 

Ex.: 

1.        ∫(2)4𝑥+5 𝑑𝑥 =
(2)4𝑥+5 

4∙𝑙𝑛 2
+ 𝑐 

2.        ∫ 𝑒𝑥 𝑑𝑥 = 𝑒𝑥 + 𝑐 

3.       ∫ 𝑒(2−5𝑥) 𝑑𝑥 =
𝑒(2−5𝑥) 

(−5)
+ 𝑐 

4.       ∫ 2𝑥 ∙ 𝑒𝑥 𝑑𝑥 = ∫(2𝑒)𝑥 𝑑𝑥 =
(2𝑒)𝑥 

(1)∙𝑙𝑛2 𝑒
+ 𝑐 

 

 

 

∫(𝑘)(𝑎𝑥+𝑏) 𝑑𝑥 =
(𝑘)(𝑎𝑥+𝑏) 

(𝑎) ∙ 𝑙𝑛 𝑘
+ 𝑐 

∫ 𝑒(𝑎𝑥+𝑏) 𝑑𝑥 =
𝑒(𝑎𝑥+𝑏) 

𝑎 ∙ 𝑙𝑛 𝑒
+ 𝑐 

𝑙𝑛 𝑒 = 1 
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 .المشتركعند وجود عملية ضرب بين رقمين لنفس الاس، فيمكن ضرب الاساس مرفوع للاس : ملاحظة

 

Rule. 8:                                                      

 

 المقام. lnعندما يكون البسط هو مشتقة المقام، فالتكامل هو   *

  

Ex.: 

1.        ∫ 𝑥−1𝑑𝑥 = ∫
1

𝑥
𝑑𝑥 = 𝑙𝑛|𝑥| + 𝑐 

2.        ∫
4

𝑥
𝑑𝑥 = 4 ∫

1

𝑥
𝑑𝑥 = 4𝑙𝑛|𝑥| + 𝑐 

3.        ∫
2

𝑥+2
𝑑𝑥 = 2 ∫

1

𝑥+2
𝑑𝑥 = 2𝑙𝑛|𝑥 + 2| + 𝑐 

4.        ∫
2𝑥

𝑥2+5
𝑑𝑥 = 𝑙𝑛|𝑥2 + 5| + 𝑐 

5.        ∫
𝑥

𝑥2+5
𝑑𝑥 =

1

2
∫

2𝑥

𝑥2+5
𝑑𝑥 =

𝟏

𝟐
𝑙𝑛|𝑥2 + 5| + 𝑐 

6.        ∫
2

4𝑥+2
𝑑𝑥 =

𝟏

𝟐
∫

4

4𝑥+2
𝑑𝑥 =

𝟏

𝟐
𝑙𝑛|4𝑥 + 2| + 𝑐 

7.        ∫ 𝑡𝑎𝑛(𝑥) 𝑑𝑥 = ∫
𝑠𝑖𝑛 (𝑥)

𝑐𝑜𝑠 (𝑥)
𝑑𝑥 = − ∫

− 𝑠𝑖𝑛(𝑥)

𝑐𝑜𝑠(𝑥)
𝑑𝑥 = −𝑙𝑛|𝑐𝑜𝑠𝑥| + 𝑐               

               = 𝑙𝑛|𝑠𝑒𝑐𝑥| + 𝑐 

 

8.        ∫ 𝑐𝑜𝑡(𝑥) 𝑑𝑥 = ∫
1

𝑡𝑎𝑛(𝑥)
𝑑𝑥 = ∫

𝑐𝑜𝑠(𝑥)

𝑠𝑖𝑛(𝑥)
𝑑𝑥 = 𝑙𝑛|𝑠𝑖𝑛(𝑥)| + 𝑐 

 

∫
𝑓′(𝑥) 

𝑓(𝑥) 
𝑑𝑥 = 𝑙𝑛|𝑓(𝑥)| + 𝑐 
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H.W.:  Find the indefinite integrals for the following functions: 

1. 
∫ (𝑥 −

1

𝑐𝑜𝑠2𝑥
) ⋅ 𝑑𝑥 

2. 
∫ 𝑐𝑜𝑠(2𝑥) ⋅ 𝑑𝑥 

3. 
∫ 𝑒−3𝑥 ⋅ 𝑑𝑥 

4. 
∫ 2𝑥 ⋅ 𝑑𝑥 

5. 
∫ 3√𝑥 ⋅ 𝑑𝑥 

6. 
∫(𝑥 − 2)2 ⋅ 𝑑𝑥 

7. 
∫ (𝑥 +

1

𝑥
) ⋅ 𝑑𝑥 

8. 
∫ (

1

𝑥7
+

1

𝑥2
) ⋅ 𝑑𝑥 

9. 
∫ 10 ⋅ 𝑑𝑥 

10. 
∫(𝑥2 + 𝑐𝑜𝑠 𝑥) ⋅ 𝑑𝑥 

11. 
∫ 𝑠𝑒𝑐2(𝑥 − 1) ⋅ 𝑑𝑥 

12. 
∫ 𝑠𝑖𝑛(4𝑥) ⋅ 𝑑𝑥 

13. 
∫(𝑥3 2⁄ + 𝑥3 5⁄ ) ⋅ 𝑑𝑥 

14. 
∫

1

√𝑥 + 1
⋅ 𝑑𝑥 

15. 
∫(√𝑡 − 𝑠𝑒𝑐2𝑡 + 1) ⋅ 𝑑𝑡 

16. 
∫ 𝑡𝑎𝑛2𝑥 ⋅ 𝑑𝑥 

17. 
∫ (

1

𝑐𝑠𝑐 𝑥 ⋅ 𝑐𝑜𝑡 𝑥 ⋅ 𝑐𝑜𝑠𝑥
) 𝑑𝑥 

18. 
∫(𝑥3 2⁄ + 𝑥5 2⁄ ) ⋅ 𝑑𝑥 

19. 
∫

𝑥2 − 2𝑥 + 1

√𝑥
⋅ 𝑑𝑥 

20. 
∫ (𝑦 +

1

𝑦
)

2

⋅ 𝑑𝑦 
21. 

∫ (𝑥 −
1

√𝑥
)

3

⋅ 𝑑𝑥 

22. 
∫ (

4

𝑥3
+

5

𝑥2
−

7

𝑥
) ⋅ 𝑑𝑥 

23. 
∫(√𝑥 + 2𝑐𝑠𝑐2𝑥) ⋅ 𝑑𝑥 

24. 
∫[𝑥−1(√𝑥 + 5𝑥)] ⋅ 𝑑𝑥 

25. 
∫ [𝑥

−1
3 (√𝑥 +

5

𝑥
)] ⋅ 𝑑𝑥 

26. 
∫(√𝑥 + 1 − √𝑥 + 2) ⋅ 𝑑𝑥 27. 

∫ 𝑐𝑜𝑡2𝑥 ⋅ 𝑑𝑥 

28. 
∫(𝑒𝑥 + 𝑒−𝑥)2 ⋅ 𝑑𝑥 

29. 
∫ (

(𝑥 + 1)2 − 1

(𝑥 + 1)3
) ⋅ 𝑑𝑥 

30. 
∫

(1 + 𝑠𝑒𝑐𝑥)𝑐𝑜𝑡𝑥

𝑐𝑠𝑐𝑥
⋅ 𝑑𝑥 

31. 
∫

72𝑥 − 𝑒−5𝑥

3
⋅ 𝑑𝑥 

32. 
∫ (

42𝑥 − 𝑒−5𝑥

4
) ⋅ 𝑑𝑥 

33. 
∫ √2𝑥 − 𝑥2 ⋅ 𝑑𝑥 

34. 
∫

𝑥2 + 2

1 + 𝑥2
⋅ 𝑑𝑥 

35. 
∫

𝑐𝑜𝑡 𝑥

√1 − 𝑐𝑜𝑠2𝑥
⋅ 𝑑𝑥 

  

 


